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Preface

This book is an introduction to research on fractional Cauchy transforms.
We study families of functions denoted f, where o > 0. Functions in these
families are analytic in the open unit disk, and £, is a Banach space. A function
in one family corresponds to a function in another family through fractional
differentiation or through fractional integration. When a = 1 the family consists
of the Cauchy transforms of complex-valued measures supported on the unit
circle.

Our subject has its roots in classical complex analysis. The focus began
with the research on Cauchy transforms initiated by V.P. Havin in 1958.
Contributors to that development include A.B. Aleksandrov, M.G. Goluzina,
V.P. Havin, S.V. Hruscév and S.A. Vinogradov. Research on the more general
families of fractional Cauchy transforms started in the late 1980’s.
Mathematicians who have contributed to this area include J.A. Cima, D.J.
Hallenbeck, R.A. Hibschweiler, T.H. MacGregor, E.A. Nordgren and K.
Samotij.

Most of the work on the families £, took place in the 1990’s. We present
much of this work and several more recent results. We also give some of the
earlier work on Cauchy transforms. A number of techniques and basic questions
trace their roots back to this initial work. The forthcoming book “Cauchy
Transforms on the Unit Circle” by J.A. Cima, A.L. Matheson and W.T. Ross
gives a more extensive and up-to-date treatment of Cauchy transforms,
including topics which we do not discuss.

A primary focus of this work is on concrete analytic questions about the
structure of the family f, and about the properties of functions in f,. The
arguments given here make use of a variety of techniques from complex analysis
and harmonic analysis, and often depend on a number of computations and
technical facts. Functional analysis provides the general framework for this
study. We frequently use such results as the Banach-Alaoglu theorem, the
closed graph theorem, the Riesz representation theorem and the Hahn-Banach
theorem.

The book begins with a survey of preliminary facts about the families f,.
We present classical results which are associated with complex-valued measures
on the unit circle. This forms a base for the further development of our study.
The initial facts about £, include formulas for mappings between the families,
examples about infinite Blaschke products, and a result about Hadamard
products and f;. The first significant result about membership of an analytic
function in £, is a consequence of membership in a related Besov space.

Chapter 3 contains estimates on the integral means of functions in f,. In
particular, this provides a useful connection with the Hardy spaces H’. We
introduce the Dirichlet spaces and relate the membership of a function in the
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family F, with membership in the Dirichlet spaces and in the Besov spaces. In
the case of an inner function, we give a definitive statement about membership
in these three spaces.

Chapter 4 is a study of the radial and nontangential limits of functions in f,.
These limits and related facts are typically associated with various kinds of
exceptional sets, including those having zero a-capacity. In Chapter 5 we
consider the problem of describing the zeros of functions in f,. One result yields
a characterization of the zeros in the case o> 1.

Chapters 6 and 7 are devoted to a study of the set of multipliers of f,, which
is denoted M,. This is a rich and extensive area. We discuss a number of
properties that are necessary for a function to belong to M,. For example, such a
function must be bounded and must have uniformly bounded radial variations.
We prove a fundamental sufficient condition for membership in M, in the case
0 <a < 1. Additional sufficient conditions are obtained in Chapter 7. One of
these conditions applies when a = 1 and depends on showing that a Toeplitz
operator is bounded on H”. Some of the sufficient conditions concern the
smoothness of the boundary values of the function, and others are related to the
Taylor coefficients. We also study the question of when an inner function
belongs to M,.

Chapter 8 concerns the composition of functions in £, with an analytic self-
mapping of the unit disk. The main result asserts that when a > 1, any self-
mapping ¢ induces a composition operator on f,. If ¢ is a conformal auto-
morphism of the disk, then ¢ induces a composition operator on £, for all o > 0.
We use facts about composition to derive results about the factorization of
functions in £, in terms of their zeros.

In Chapter 9 we discuss connections between the class of univalent
functions and the families f,. These connections are what first stimulated
interest in f,. In particular, we find that each analytic univalent function belongs
to £, for o > 2. Also we describe particular univalent functions that belong to f».
In the last chapter, we give an analytic characterization of the family of Cauchy
transforms when considered as functions defined in the complement of the unit
circle.

A number of open problems remain in this field. Some of these problems
are mentioned in the text. Perhaps the most significant problem is to find an
intrinsic analytic characterization of each family f,.

We have tried to make our exposition as self-contained as possible. For
example, the information we use about a-capacity is developed completely here.
Likewise, our discussion of Toeplitz operators begins with a definition and
yields a proof of the result needed in our application to M;. We include the
proofs of nearly every result, including some well-known classical facts and
some elementary technical facts. In general, the results we use about H” or
about the harmonic classes h” are basic facts which can be found in various
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books in these areas. References are given for the few advanced results which
we use without giving a proof.

The main background needed to read this book is an introduction to real
analysis, complex analysis and functional analysis. Such a background is
provided by the well-known books “Real Analysis” by H.L. Royden and
“Complex Analysis” by L.V. Ahlfors. This book is suitable for advanced
graduate courses and seminars. Preliminary forms of the book were developed
in such settings.

Each chapter of the book opens with a preamble, which provides an
overview of the development to follow. We end each chapter with a section
called Notes, where we give references for the results in the chapter, as well as
additional comments and references to related work. When appropriate, we
provide a reference in the text precisely where a particular result is used. The
statements in the book, including theorems, propositions, corollaries and
lemmas, are numbered sequentially with the chapter number as a prefix. Thus
Theorem 2.10 is the tenth statement appearing in Chapter 2. The end of a proof
is indicated by the symbol [1. We provide a list of special symbols which gives
the page number on which each symbol first occurs. The reference list is given
alphabetically by author and then by year. Thus Hallenbeck [1997] refers to a
research paper by D.J. Hallenbeck published in 1997.
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CHAPTER 1

Introduction

Preamble. This chapter introduces the topic of this book, the
families of fractional Cauchy transforms. For each o > 0 a
family £, is defined as the collection of functions that can be
expressed as the Cauchy-Stieltjes integral of a suitable kernel.
The case a = 1 corresponds to the set of Cauchy transforms of
measures on the unit circle T= {z 0 | : |z = 1}. Each function
in f, is analyticin D= {z 0 | : |z| < 1}.

Some facts are recalled about the Hardy spaces H” and the
harmonic classes h", and it is noted that H' & £,. Other
connections between H” and £, are given in Chapter 3 and in
later chapters. Properties of complex-valued measures on T
are obtained. Subsequently, these properties are shown to be
related to properties of functions in f,.

The Riesz-Herglotz formula is quoted and the
correspondence between measures and functions given by this
formula is shown to be one-to-one. As a consequence of this
formula, any function which is analytic in D and has a range
contained in a half-plane belongs to the family f,.

The F. and M. Riesz theorem yields a description of all
measures representing a particular function in f,. A norm is
defined on £, as the infimum of the total variation norms of the
measures representing the function. For each function f'in £,
there is a representing measure having minimal norm. The
family £, is a Banach space with respect to the given norm,
and convergence in the norm of £, implies convergence which
is uniform on compact subsets of D.

LetD={z0 |:|z/<1} andlet T={z 0 |: |z = 1}. Let M denote the set of
complex-valued Borel measures on T and let M* denote the subset of M
consisting of probability measures. For each o > 0 we define £, in the following
way: [0 f, provided that there exists p 0 M such that

r@ =] du© (<1, (1.1)

_r
1 -
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2 Fractional Cauchy Transforms

We also define f, as consisting of functions f'such that

1

1-2Cz

f(2) = f(0) +I log du(C) (2l <1 (1.2)
T

where p 0 M. Throughout we use the principal branch of the logarithm and the
power functions. Each function given by (1.1) or by (1.2) is analytic in D and
the derivatives of f can be obtained by differentiation of the integrand with
respect to z.

The family £, is a vector space over | with respect to the usual addition of
functions and multiplication of functions by complex numbers. The family f; is
of special importance because of its connection with the Cauchy formula. When
a =1, (1.1) can be rewritten

1

—Z

f(Z)=_|.C dv(©) (2 <1 (1.3)

T

where du({) = ¢ du(f). The correspondence L — v just described gives a
one-to-one mapping of M onto M. Hence, when o = 1 the set of functions given
by (1.1) is the same as the set of functions given by (1.3), where p and v vary
in M.

Suppose that the function f'is analytic in D. Then the Cauchy formula gives

LN WA(S)
f@)=o i o (12l < 1). (14)

Hence f has the form (1.3) where du({) = f(§)d{/2ni. The formula (1.4)
holds more generally when f belongs to the Hardy space H' and where £ () is
defined almost everywhere on T by () = liI}‘l f(C). Hence H' 5 F,.

r—l1-

Conversely, suppose that f(z) = j ﬁ du(©), p 0 M and j £ du(@) =0
T T

forn=1,2,3,... . As we now show this implies that /0 H'. We have

o= @ 4o

T n=0
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4@+ Y T @ + [ 0 oy
T n=l T T

= J' {1+ ) 2Re (&)"} du(©)
T n=l1

- j Re {1 hl EZ} du(©).
1-Cz

T

By the mean-value property of harmonic functions we see that if 0 <r < 1, then

j |f<re19>|de<j jR {ﬂ}dedmuc)
Cre

-

~2n il <o

where ||j1|| denotes the total variation of the measure . Therefore £0 H'.
We recall a few facts about the Hardy spaces H?. For 0 < p < oo, H is
defined in the following way: f0 HP provided that fis analytic in D and

sup [ | 7(re®) P d6 <. (1.5)

O<r<1 ¥~

When p = oo, H” is the set of functions that are analytic and bounded in D. For
0 <p <o, H" is a vector space and for 1 < p <o, HP is a Banach space, where
the norm is defined by

1 1o = sup (— — [ a0y (16)
O<r<l1
for p <oo and
171 =sup 1 S, (17

If 0 H? for some p > 0 then F() = lir? f(x€) exists for almost all 0 in
r—1-

[-7, nt], where { = ¢ and F 0 L” ([-x, 7]). We also use the notation /' (¢) = £ (")
for this limit.
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4 Fractional Cauchy Transforms

The Riesz-Herglotz formula is related to our study, and is given in the
following theorem. Let 2denote the set of functions f'such that f'is analytic in D,
f(0)=1,and Re f(z) >0 for |z] < 1.

Theorem 1.1 f0 2 if and only if there exists u 0 M* such that

) (121 < 1) (1.8)

z

f@= |
T

Theorem 1.1 implies that 23 £;. To see this, suppose that f'is given by (1.8)
and p 0 M*. Let L 0 M be defined by dA() = (1/2mil) dC. Then

—n ot e
j ¢ ) = o J’_ﬂ ¢ g
T
B Lifn=0
o, if n=12,....

Hence

[——a@=1 (2 <1).
T1-Cz

Thus (1.8) can be rewritten

1

“Z

fe)=[ o dotd),

T

where v =2u - A.

More generally, if the function f is analytic in D and f (D) is contained in
some half-plane, it easily follows that f0 f,.

Suppose that p 0 M. Then the Jordan decomposition theorem implies that

B= =y il — iy (1.9)

where each i, is a nonnegative measure on T. A simple argument using the
Hahn decomposition shows that
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4
Dy (D) < V2 Jull. (1.10)
k=1

We have p, = a,v, wherea,>0and v, 0 M*. WeletF, denote the subset of

f, consisting of functions which can be represented by some p 0 M*. Then each
f0 £, can be written

S =afi —ayf, tiagf; —iayfy (1.11)

where a, >0 and £, 0 F: forn=1,2,3,4.

Functions in £, which can be represented by real measures are related to the
class h'. We recall that h” (0 < p < o) is defined as the set of complex-valued
functions u that are harmonic in D and satisfy

T .
sup lu(re®) P d6 < oo.
O<r<l *—7

A function u belongs to h' if and only if u has a Poisson-Stieltjes representation

C+z

u) = | Re{g _Z}dmc) (12 < 1) (1.12)
T

where p 0 M.
Suppose that the function f'is analytic in D and u = Re (/) 0 h'. Then (1.12)
holds where p is a real-valued measure. This implies that

1 C+z .
f@)=5— i i, @+ i © (1.13)

for |z < 1 and hence /0 f,. If, in addition, f'(0) is real then f can be represented
in f, using a real measure. The converse also holds, that is, if /0 £, can be
represented by a real measure then Re () 0 h' and £(0) is real.

Suppose that 1 0 M. Then p can be identified with a measure v defined on
(-, ®]. The measurev can be extended to [-=, ] by letting v({-n})=0. A
complex-valued function g of bounded variation on [-m, m] can be associated
with v in the following way. First apply the Jordan decomposition theorem to

© 2006 by Taylor & Francis Group, LLC



Introduction 6

v and then associate a nondecreasing function with each nonnegative part in
this decomposition. When v > 0 on [-=, 7] the nondecreasing function, say #,
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6 Fractional Cauchy Transforms

is defined by A(t) = v([-=,t]) for -t <t < 7 and A(-—m) = 0. Conversely each
nondecreasing function 4 determines a nonnegative measure by first letting
v([a,b)) = A(b) — h(a), where -t < a < b < 7, and then extending v to the
Borel subsets of [-m, n]. The correspondence v — g is one-to-one if we
require the normalization that g(t) = 2 [g(t-) + g(t+)]. Hence each pu 0 M yields a

complex-valued function g of bounded variation in [—rt, 7] and the formula (1.1)
can be rewritten as

W

—d 1). 1.14
e %O (2 <1) (1.14)

r@={

Fora 0 |andn a nonnegative integer A,(a) is defined by the power series
development

1 S n
12" ;An (o) z (2] < 1). (1.15)

The Taylor series for the binomial series gives

_ oa@+1)---(a+n-1)

A, (a) (1.16)
n!
Suppose that f'is analytic in D and
f@) =Y a,2" (2 < 1). (1.17)

n=0

By comparing the coefficients of the power series for both sides of (1.1) we find
that 0 £, if and only if there exists p 0 M such that

a, = An(@) [ " du© (1.18)
T

forn=20,1,.... Let f be given by (1.17) and let g(z) = Z b,z" (2 < 1)
n=0
where b, = a,/A,(a). The relation (1.18) implies that 0 f, if and only if g O f;.
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We shall give a description of the set of measures which represent a
particular function in f,. A critical step in the argument uses the following result
of F. and M. Riesz.

Theorem 1.2 If p 0 M and IC“ du(@) =0 forn=0, 1, ... then u is absolutely
T

continuous with respect to Lebesgue measure.
Suppose that a.> 0, 0 f, and (1.1) holds where p O M. Let g0 H' and
2(0) =0. Cauchy’s theorem and g(0) = 0 imply that if 0 <r <1 then

I z" g(z)dz=0forn=-1,0,1,....
|z|=r

Because g 0 H' it follows that

lim I " g(r) d¢ = Iz;“ 2(Q) d forn = —1,0,1,....
T T
Therefore

J’“ e o(c®) do = 0 (1.19)

forn=0,1, ....
We claim that the measure v where

du(¢) = dp(6) + g(e) do (1.20)

also represents f. It suffices to show that the function /4 defined by

h(z) = L@_d (2l < 1) (1.21)
(2) T(I—Cz)“g g e

is the zero function. Note that if 4(z) = Zw Oan" (Iz] < 1) then
n=
by =i Ay(@) [ ™ g(e) do
-7
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8 Fractional Cauchy Transforms

forn=0,1,.... Hence (1.19) implies b, =0 and so 4 = 0.

Next let f0 £, and suppose that f is represented by p 0 M. We show that if
VO Mand v represents £, then v has the form (1.20) where g 0 H' and g(0) = 0.
Suppose that

@)= [ )

1 (1-C)"

where VO M and let f'(z) = E ” Oanz" (Iz| < 1). Since (1.1) also holds, (1.18)
n=
and A(a) # 0 imply

Jf“ du(©) :IE“ do(0) forn=0,1,2, ....
T

T

LetA=v — p. Then

[T o@=0frn=01,....
T

Define the measure ¢ by 6(E) = A(E) for each Borel set E 6 T. Then

J'z;“ do(€) = 0 forn=0, 1, ... . (1.22)
T

Theorem 1.2 implies that do({) = G(0) d® where G 0 L' ([-=, n]) and { = ¢®.
Define the function g by

_ 1 6O
8@ = '[ & (7 < 1). (1.23)

Then g is analytic in D and g(0) = 2L .[ do(£) =0. From (1.22) we see that if
b
T

|z| <1 then
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LGO ,, & [ o -
- Zo{lc 1G(emc}

-y {i [e dc(@} 7" =
n=0 T

Thus (1.23) gives

G<e> e | GO 4
2mi

g()——j e

1 —_
c-——[ camd
2mi
T
Combining these integrals we obtain

(z)——j Re {”iz}cme)dc

which exhibits g as the Poisson integral of G. Therefore g 0 H' and
lim g(reie) = G(0) for almost all 6. We have shown that v =p + A where
r—l1-

dME) = g(e®) d6, g 0 H' and g(0) = 0.
The following statement summarizes what was just obtained. The argument
given above also applies in the case a = 0. Indeed, it applies to any class of

functions defined by J‘ F(Ez) du(f) where p 0 M and F is analytic in D and the
Taylor coefficients for F are nonzero forn=0,1,2,... .

Theorem 1.3  Let f0 £, The set of measures in M representing f'is given by the
collection {v} where v =+ A, U is any measure in M which represents fand A

varies over the measures described by d\M({) = g(eie) d0 where g 0 H' and g(0)
=0.

Theorem 1.4 Ifp0Mand

[ du@ =0 (1.24)
T
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10 Fractional Cauchy Transforms

for all integers n, then W is the zero measure.
Proof: The assumption (1.24) implies that

[P© du@) =0 (1.25)

T

for every trigonometric polynomial P({) = Zm_, aygn. Hence the

Weierstrass approximation theorem implies

[F© au =0 (1.26)
T

for all functions F continuous on T. Every function G integrable with respect to
pon T can be approximated in the norm L'(du) by a continuous function.
Hence

[G@anc)=0 (1:27)
T

for all functions G integrable with respect to . In particular, (1.27) holds where
G is the characteristic function of an arc I on T. Thus p(I) = 0 for every arc I on
T. Therefore p=0.

Corollary 1.5 Ifpand v are real-valued Borel measures in M and
[¢ @ =[¢" aue) (1.28)
T T

forn=0,1,2,... then p = v.
Proof: Since p and v are real-valued measures, by taking the conjugate of
both sides of (1.28) we obtain

[can©) =" au@
T T

forn=0, 1,2, ... Thus (1.28) holds for all integers n. Hence A =pu — v
satisfies the assumptions of Theorem 1.4. Therefore p = v.
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Corollary 1.6 The map p |1— ffrom M* to P given by (1.8) is one-to-one.

Proof: Suppose that (1.8) holds where p 0 M* and also

SHZ (@)
—Z

f@=]7
T

where L0 M*. If we let f(z) = z

o0

a,z" (Jz] < 1) then
n=0

a,=2 [ €' du@anda, =2 [ C" du(©
T T

forn=1,2,.... Since

[an© =1=J @@
T T

the hypotheses of Corollary 1.5 are satisfied. Therefore p = v.
Suppose that /0 f,. If o >0 we let

I/ llg, = inf [ ]l (1.29)

where 1 varies over all measures in M for which (1.1) holds. In the case a =0
we let

I/ llg, =1/(0)] + inf [[u]] (1.30)

where p varies over the measures for which (1.2) holds. We shall show that
(1.29) and (1.30) define a norm on £, and with respect to this norm £, is a
Banach space. We also show that the infimum in (1.29) is actually attained by
some measure.

Lemma 1.7 Suppose that a.> 0 and f0 F,. LetM,denote the set of measures in
M that represent f. Then My is closed in the weak™ topology.

Proof: Suppose that a >0, u, O M forn=1,2, ..., w0 Mand p, — p in the
weak* topology. We have
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12 Fractional Cauchy Transforms

1
f@= [ ——— dun,© (12 < 1) (1.31)
!a—&ﬁ
forn=1,2,.... Foreachz (z| <1)themap { I— (1 — Ez)’“ is continuous on
T. Since p, — p this implies that
1 1
e, (O) > [ —=—du(©) (1.32)
la—@ﬁ la—&ﬁ

asn — . From (1.31) and (1.32) we get

1
f(z2)= — du(g) for |z| < 1.
la—@)

Hence p 0 My

Theorem 1.8 Suppose that 0.> 0 and f0 f,. Then there exists v 0 Mysuch that
ol =111,

Proof: ForeachR>01let MR)={puOM:| n| <R} and let
M:(R) =M, 1 M(R). Let puo 0 M, and set Ry = || po ||. The Banach-Alaoglu
Theorem implies that M(R,) is compact in the weak* topology. By Lemma 1.7,
M;is closed and thus M,(Ro) is closed. Hence the compactness of M(R,) implies
that M;(Ro) is compact.

Let m =|| /||, and let

m'=inf {|[pfp 0 MR J.

Clearly m'=m. There is a sequence {,} in M;(Ry) such that || y, || — m. The
compactness of My (Ro) implies that there is a subsequence {u, } (k =1, 2, ..)
and v 0 My (Ro) such that p, — v ask — . Let&>0. Since

|| kn, || > m as k — oo we have || pp, || < m + ¢ for all sufficiently large

values of k. Since M (m + €) is compact, as above we see that M, (m + ¢€) is
compact. Therefore, v 0 M (m + €). We have |[v||<m + ¢ for every &€ > 0.

Thus || v || £ m. Clearly ||v||= m and therefore || v || =m, as required. [J
A result similar to Theorem 1.8 holds for a = 0.
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Suppose that (1.1) holds, p 0 M and p > 0. Then f(0) :I du@) =|lpll-
T

Suppose that v 0 M and v also represents f. Then

Iull= 7@ = [ au@ <] vl
T

This shows that ||/ [[r =||ln||. In particular if u 0 M* and p represents fin £,
then [| /|| =1. For example, if |{|=1and f(z) = 1/(1 - Ez)OL (Iz] < 1) then
f0 F, and f can be represented by unit mass at . Therefore ||1/(1 — Ez)“ ll,, =1

We next show that (1.29) defines a norm on £, for a > 0 and with respect to
that norm f, is a Banach space. The argument for (1.30) is similar. The
mapping from M to f, defined by (1.1) is linear. The kernel K of this mapping

consists of the measures p 0 M such that J‘En du()=0 forn=20, 1, ... .
T

Because M is a Banach space with respect to the total variation norm and K is
closed by Lemma 1.7, the collection of cosets M3K, with the usual addition of
cosets and multiplication of cosets by scalars, also is a Banach space. The norm
defined on MK is simply transferred to a norm on f, as given by (1.29). The
exact information about K given in Theorem 1.3 is not needed to see these
general relations.

Let H denote the topological space of the set of functions which are analytic
in D, where the topology is given by convergence that is uniform on compact
subsets of D. Convergence in the norm of £, implies convergence in H. We give
the argument in the case o > 0. First note that (1.1) implies

/@) s% (1.33)

for |zl <r (0 <r < 1). Suppose that the sequence { f,} of functions in f,
converges to f'in the norm of £,. Then there is a sequence {u,} and u 0 M such
that p, represents f,, 1 represents f, and || p, — p || — 0 as n — oo. The measure
W, — [ represents f;, — fand hence (1.33) implies

sup | £,(2) - f(z)] < 1Ho =Bl (1.34)
|z|<r (1 - I‘)
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14 Fractional Cauchy Transforms

for|zl<r(0<r<1l)andn=1,2,....
Hence

Ifo = fllg
sup | f,(2) = f(2) | € ———=.
|z|<r (1 - r)
Since || f, = f'[lr, — 0 this implies that f, — f'in the topology of H.

The following fact is another useful connection between the topologies on £,
and on H.

Proposition 1.9 For R >0 let
FAR)={fO0F.: || f llg, <R}

If 1, 0 Fu(R) forn =1, 2, ... then there exist a subsequence {f, } (k=1,2,...)
and f 0 F(R) such that f, — [ ask — oo, uniformly on each compact subset

of D.

Proof: We give the argument in the case a > 0. Since || f,[|r, <R forn=1,

2, ..., Theorem 1.8 implies that there exists p, 0 M such that || w, || <R and

K@= dm@ <. (1.35)
T

_ 1
1-Cz)”

By the Banach-Alaoglu theorem there exist a subsequence which we continue to
call {u,} and p 0 M such that p, > p asn — co. We have || p|| <R. Since

Hy = W,

dn, (©) > [

1
L du©) (1.36)
Vi g M6

1
lﬂ—&f

for every z (Jz| < 1). Since ||u, || <R, (1.33) implies that the sequence {f,} is

locally bounded. Hence Montel’s theorem implies there exist a subsequence of
{fu}, say {gm} (m =1, 2, ...), and f such that g,, — funiformly on compact

subsets of D. Because of (1.36) this yields
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Introduction 15

1
r@=| o e (12 < 1). (1.37)
T

Thus /0 A, and || f ||, <Rsince ||p|[<R.

NOTES

The main developments in this book trace back to work initiated by Havin
[1958, 1962] on the Cauchy transforms defined by (1.3). There is an extensive
literature about Cauchy transforms where the measures are supported on various
subsets of |. The families £, for a > 0 were introduced in MacGregor [1987].
This extends the families studied by Brickman, Hallenbeck, MacGregor and
Wilken [1973] given by (1.1) where p is a probability measure. Formula (1.1)
occurs elsewhere, usually where p is absolutely continuous with respect to
Lebesgue measure. For example, this occurs for Dirichlet spaces as noted in
Nagel, Rudin and J.H. Shapiro [1982]. The family f, was introduced by
Hibschweiler and MacGregor [1989]. For a < 0, f, was defined by
Hibschweiler and MacGregor [1993]. A survey about fractional Cauchy
transforms can be found in MacGregor [1999].

When a = 1 (or more generally when a is a positive integer) (1.1) defines a
function which is analytic in I\T. In the case o= 1, an analytic characterization
of functions analytic in I\ T and having the form (1.1) is in Aleksandrov [1981;
see section 5]. This result and its proof are given in Chapter 10. For every a, no
such intrinsic analytic characterization is known for a function defined in D
sufficient to imply that it has the representation (1.1).

Two references about H” spaces and h” spaces are Duren [1970] and Koosis
[1980]. A proof of Theorem 1 as well as the uniqueness of the representing
measure is in Duren [1983; see p. 22]. A proof of (1.10) is in Bourdon and
Cima [1988]. Koosis [1980; see p. 40] contains a proof of Theorem 2. L.
Brickman proved Theorem 8. The argument also is given by Cima and Siskakis
[1999] for the case oo = 1. Most of the other results in this chapter are well
established facts.
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CHAPTER 2

Basic Properties of £,

Preamble. We begin with a presentation of properties of the
gamma function and the binomial coefficients. This forms a
foundation for obtaining results about the families A. A
product theorem is proved, namely, if a > 0, p >0, f 0 /4, and

g0 A then f 0 Aup. AlsofO 4 if and only if f'0 A.y. The

families £, are strictly increasing in a. Formulas are obtained
which give mappings between /4, and 4.
An analytic condition implying membership in £, for

a > 1 is given. This yields a condition sufficient to imply
membership in /4 when o > 0. The latter condition provides a
connection between the families 4, and the Besov spaces B,.
Two applications are given. The first shows that if the moduli
of the zeros of an infinite Blaschke product f are restricted in a
precise way, then f belongs to A4, for suitable a. As a second

application, the singular inner function S(z) = exp [— 1+ Z}

belongs to A4 for a > %. Chapter 3 includes a more general
study about the membership of inner functions in £4,.

The chapter concludes with a discussion of Hadamard
products and their relationship to the family /4. It is shown

that if 0 A and g 0 A, then f=*g 0 A. Also, an analytic
function f belongs to £, if and only if f *g 0 H” for every
g0 H"

We begin with a number of lemmas, some of which involve the gamma
function I' and the binomial coefficients A,(a). The first lemma lists some
known facts.

Lemma 2.1 For complex numbers z except the nonpositive integers,
z-DT(@-1)=TI(2) (2.1

and

17
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18 Fractional Cauchy Transforms

. S|
I'(z) = lim . (2.2)
k—o Z(Z + 1) (Z +k — 1)
If Re (z)>0and Re (w) >0 then
1
J' (1 —py* gt = LA T 2.3)
0 I'(z+w)
The asymptotic expansion
e et 2P T 214 Y T 2.4)
k=1 Z
as |z| — oo holds for | arg z | < ® where 0 < ® <.
Lemma 2.2 If nis a positive integer, . 0 land a#0,-1,-2, ..., then
A, (a) = I +o) (2.5)
I'(a) n!

Proof: Letn and o satisfy the stated conditions. Below we use (2.2) where
z=n+tao,z=aandz=n+2.

I'h + a)
I'a) T'(n + 2)

_ lim 1 o+ (a+k-Dn+2)n+3)--(n+k+1

koo |k - k! (m+oa)n+a+1)(n+o+k-—1I)

_A@ (] (0 +n)(o + 10+ 1)-(a +k — 1) (n+k+1)!]
n+1 koolk -kl (a+n)a+n+D-(x+n+k-1

_A@ ] (n +k + 1)

Cn+1 koo (k-k! (0 + k) +k+D(a+k+n-—1)

_An@ (1 +k+l)!j
n+1 koo{k-k! k®

_AN@) [(k + Dk +2)(k+n+ 1)} AL ()

Cn+1 kow k! Con+l
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Basic Properties of £, 19
This yields (2.5).

Lemma 2.3 Suppose thatu 0D, v0OD, a>0andp>0. Then

1 Lo+ P) ¢! t*h (1 - P!
= . (2.6)
1-w* 1-v T@ TP Jo [1-ftu+ 1 -t)v]*P
Proof: We first show that
-1 5—y-1
1 I'(8) L7 (1 -0 dt 2.7

(1 -2z)" T TG -1 do (- tz)°

where 8 >y > 0 and z [ [1, ). Since both sides of (2.7) define analytic
functions in |\ [1, o) it suffices to prove (2.7) where |z| < 1. Suppose that
|zl<land 0 <t<1. Then

Loy
_— = A, (8) t"z".
1-t2)° =

If we use this expansion on the right-hand side of (2.7) and integrate term by
term we obtain (2.7) from (2.3) and Lemma 2.2.

Under the conditions of the lemma, the relation (2.7) holds where
z=@W-Vv)(1-v),y=a,and d =a + B. Therefore

L-v] _Ta+p) ¢ a-0f a -y .
I-u L) TP) o [1-{tu +(1 - t)v}]*P
If both sides of (2.8) are divided by (1 — v)*P this yields (2.6).
Lemma 2.4 For o> 0 there is an asymptotic expansion
A (@) ~o by
DI D) (2.9)
nu—l é n

and by = 1/T'(o).
Proof: We first apply (2.4) where z = n + o and where z=n + 1. Next we
use the relation
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20 Fractional Cauchy Transforms

-k
1 1 B
— -~ |1+ E
(m+p)* nk [ +n}

for large values of n and the fact that (1 + (B/n)) * has a power series expansion
in 1/n. This yields the asymptotic expansions

1

(275)_5 " (n + oc)_n_a

i )

2T+ a1+ & @m—ow) (210
k=1 1

and

1 1 ©
Q) 2™ m+1) 2T +1)z1+z d—t h—o)  (2.11)
k=1 1

for suitable numbers ¢, and di. Division of the left side of (2.10) by the left side
of (2.11) yields an expansion

1
n+—
e (n+1) 2F(n+a)z1+i e_lf(
n

(h— o)  (2.12)

n+o—— k=1
(n+a) 2T(n +1)

for suitable numbers e,. If
n - 9

then rewriting vy, as
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Basic Properties of £, 21

yields the expansion

n*"'e 2L —'; (n — o) (2.13)
k=1

for suitable numbers f;. From (2.12) and (2.13) we obtain

o0

lar(n+a) g_ N
" R Z = (n — o) (2.14)

for suitable numbers g,. Hence (2.5) yields (2.9) and by = 1/T'(a).

Lemma 2.5 Suppose that the function F is analytic inD and |w| < 1. Let
f (z) = F(wz) for |z| < 1. Then there exists u 0 M* such that

f(2) =J' F(Cz) du(€) for |z| < 1.
T

Proof: For a fixed z (Jz| < 1) let G(w) = F(zw) for |w| < 1. Then G is analytic
in D and the Poisson formula gives

i0

G(w) = - j Re[eie i W] G(c'®) do
21w J-n e

- W
for [w| < 1. In other words

i0

F(wz) = L In ]E{e{eie * WJ F(CieZ) do
27'[ -7 e —- W

for [w| <1 and|z| < 1. For |w| <1,

defines a probability measure on [—xt, w]. This proves the result when |w| < 1.
When |w| = 1 the conclusion follows by choosing p to be unit point mass at w.
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22 Fractional Cauchy Transforms

Lemma2.6 Leta>0andB>0. IffO F, andg0 Ry, then f-g 0 F,,
Proof: The hypotheses imply that the product f-g can be expressed as an

integral with respect to a probability measure on T x T where the integrand has

the form (1—52)_“ (1-wz) ™. The set F; +p 1s convex and closed with respect

to the topology of H. Hence it suffices to show that each function

1
(1-¢z)*(1- wz)P

Z|—

belongs to F(;B where |C]| = |w| =1. Lemma 2.3 gives

1 _ F(G-FB) 1 tocfl (1 _ t)ﬁﬂ
(1-C%1-wz)P  T(@) TP o [1-o(t)z]**

(2.15)

where o(t) = tE + (1 — t)w. Let p be the measure defined by

I'la + B)

t*7(1 - )P dt.
() TP)

dp(t) =

By (2.3), p is a probability measure on [0, 1]. Thus (2.15) implies that it suffices
to show that each function

1
[I - o(t)z]**P

Z|—

belongs to F;+B for|{|=1,|w|=1and 0 <t<1. This follows from Lemma
25.0

Theorem 2.7 Leta>0andB>0. Iff0 4 andg0 Athen f-g 0 A.pand

If-9le

o+

<l fllg gl -

Proof: The hypotheses imply that f is a linear combination of four functions
in F, and g is a linear combination of four functions in FB*. Hence f-g is a

linear combination of sixteen functions of the form h-k where h 0 F, and
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Basic Properties of £, 23

ko FB*' Lemma 2.6 implies that each product h-k belongs to F, +p- Therefore
f ° g 0 FQ+B.

To prove the norm inequality let f (z) = j du(f) and

_r
1 (1-C2)°

gd(z) = J‘; dv(®) for|z| <1, where p and v belong to M. If
1-wz)?

f(z)= Zanzn and g(z) = anzn, then relation (1.18) yields
n=0 n=0

fumw=f]iAme¢®j?m@ﬁ6”dwwf
T

n=0\ k=0 T

for |z| < 1.
Let C denote the Banach space of continuous complex-valued functions

defined on T, where the norm is given by ||h|l. = sup | h(x)| for h 0 C. For each
|x|=1

h0¢, extend hto D by the Poisson integral in D. Let p be the measure defined
in the proof of Lemma 2.6 and let

1
HE @ = [ h(C +(1-00) do)  (g=1]o|=1)
0

Then H is continuous on T x T and

sup |H(G o) =]h]c.
161, of=1

Let o(h) = J‘ H(E, ®) d(uxv) (§, ®) for h 0 C. Then ¢ is linear and

TxT
bounded since |@(h)| < ||h|lc [[p1]]|v]]. By the Riesz representation theorem

there exists A 0 M with

o) = [ h(x) dr(x)
T
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24 Fractional Cauchy Transforms

and ||]M| < |lu/| |v]||. In particular if h(x) = X" forx 0 Tandn=0, 1,2, ..., then

1
[x" @00 = [ [+ a-08)" dpv) duxv) C0).

T TxT 0

A calculation involving the binomial theorem, (2.3) and (2.5) shows that

1 n
f (tC + (1-)®)" dp(t) = A; ZAk((x) A, Bk
0 B) k=0

o (o +

forn=0, 1, .... It follows that

t(2) g(2) = Y A, (@ +P) Ji“ dA(x) 2"
n=0

T
—j L o)
= Ty 9
T(l Xz)
Therefore || f~g||FM3 <ALl Jv]l-  Since p and v are arbitrary
measures representing f and @, the previous inequality yields

If-9llr

a+p

<[ flg 9l - 0

Theorem 2.8 Leta>0. Thenf0 £, ifand only if f'0 f,.,. Also there are
positive constants A and B depending only on o such that

11l

a+l

<A|fl,

and

I flle, < FO[+BIf e

ol

Proof: We first assume f 0 £, where o > 0. Then (1.1) implies

o= | du(c)

B
1 (1 _ CZ) a+l
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Basic Properties of £, 25

where dv(Q) = OLE duw(§). Therefore f'0 A. and since ||v|l = o ||u]| we
have || 'lle,, <o fllg -

Conversely, suppose that f'0 A4 and > 1. Then

f@=[ —L 5@ (<
L a-o

for some p O M. Since f (z) =f (0) +J‘Zf '(w) dw, this implies that
0

f@)= fO+b+ | ﬁdu@

T

where b = [1/(1 - B)]j ¢ du(¢) and du(€) = [¢/(B - 1)] du(C). Hence
T

1
f(z)=| ——=—— do(Q)
la—@w :
. de 0
where 6 = (f(0) +b) L + v and A is the measure P (€ =e"). Therefore
i

f0 A Also

2

Ioll <1 1O+ 2=

11l -
which yields

(Ralfz

B-1

2 .
<| f(0)] + ﬁ”f g, -

This completes the proof in the case o > 0. A similar argument applies when
a=0.

Lemma2.9 If0<a<pthen F, < Fﬁ* .
Proof: Lety>0,andletl(z)=1 (Jz| <1). Since
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26 Fractional Cauchy Transforms

1 - 1
— .[ — do =1
2n J-n (1 - e Vz)7

for |z| <1 and since 1/(2w) dO defines a probability measure, I 0 Fy* for every
vy>0.
Suppose that 0 <o < B and fO F(:. Lety=pB—o. ThenIO Fy* and hence

Lemma 2.6 yields f=f-10 F, +y- Therefore F c FB*.

Theorem 2.10 If 0 <a <P then A 3 A4 and A # 4.
Proof: Let 0 < a < f and assume that f0 4. Let I be defined as in the proof

of Lemma 2.9. Then 10 Fv* for every y > 0 and hence || I HFH =1. Theorem
2.7 implies that f =f-10Fgand || f ||,:[3 < g -

Next consider the case where a = 0 and > 0. Assume that f 0 f,. Theorem
2.8 implies that f'0 A. The previous case of this theorem yields f' 0 fgi;.

Hence Theorem 2.8 implies f 0 /.
It remains to show that /4, # 4. The relations (1.1) and (1.2) imply that if
f0O A (o> 0)and g 0 fo, then

”@”:OP_J__J
(1 - |z)°

and

1
|mn—gwn=0@%l_uJ.

The function z I— (1 — z)® belongs to fp but does not satisfy these growth
conditions when 0 < a < .

Theorem 2.11 Let F, =U_., F,. Then fO0 /4 if and only if f is analytic in D
and there exist positive constants A and o such that

1F(2)] < —2 for |z < 1. (2.16)
1 -1zh*
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Proof: Suppose that f 0 f,. Then f 0 A4 for some a > 0. Hence (2.16)
follows from (1.1), where A = || p ||

Conversely, suppose that f is analytic in D and (2.16) holds. We first assume
0<a<l1. Let

@ = [ fvaw (<1,

Then (2.16) implies that if |z] =1 (0 <r < 1) then

1 A
| fi1(2)] < IO m dt
A

l-a

<

Hence f; 0 H” and then f; 0 f;. Because f = f, Theorem 2.8 implies f O f,.

Therefore f 0 F,, .

Next we assume 1 < o <2. Note that if (2.16) holds for a = 1, then it holds
for any o > 1. Thus we may assume 1 < o <2. Now the function f; defined
above satisfies

1

|f1(Z)|Sa—1W

forjzZl <r(0<r<1). Let f,(2)= jzfl(w) dw for |z] < 1. Because o < 2 the
0

estimate on f; implies that f, 0 H”. Thus f, 0 f; and Theorem 2.8 yields
fi= f; 0F,. Hence Theorem 2.8 shows that f = f 0 f;. Therefore fO0 f..
In general we argue as follows. Suppose that (2.16) holds and . > 0. Let

n=[a]+1. Let fy=fand fork=1,2,...,nlet f, ()= szk,l (w) dw. By
0

successively obtaining estimates on fy, f}, ..., f, we find that f, 0 H”. Hence
f, 0 £, and applications of Theorem 2.8 yield f, | 0 f,, f,5,0f;, ..., 0 f, and f,
=f0 Fo1. Therefore f 0 £,

Let o> 0 and B> 0. The mapping L,p: H — His defined by f — g where
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o0

f(z)= Z a,z" (|z| <1) and

n=0

© 2006 by Taylor & Francis Group, LLC
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28 Fractional Cauchy Transforms

- A
9= - 2" (12 < 1). (2.17)

n=0 n(

Since Ay(a) #0 and lim A (y)"'™ =1 for every y > 0 by (2.9), we see that
n—oo

f 0 H implies that g 0 H. Also L, is a linear homeomorphism on H. If o> B
then (2.17) can be expressed as

L_ﬁ)j 1 (1 - %P f(tz) dt (2.18)

99 = T T

for |z| < 1. To show this we use (2.3) and (2.5) as follows.

R ) R (L S R
mwmwﬂﬁ (1= 0P f(tz) dt
- I'(o) . ot .
ICICED L 2" dt
I'@) (e - B) .[ { -9 HZ(; a,t'z }
= L&) n+[3 1 a—p-1 n
[HB) I(a - B) I (-1 dtj a,7

I(a) nn+mrm—m]af
FE M@ -p) T +a) "

(nmrm+mJaZ

') I'‘m + o)

DM 1M8 1M 1M

I'(a) n! T'(n + B) J—
F(n+oc) ') n! "

O

n=

From (1.18) and (2.17) we see that L, s gives a one-to-one mapping of f, onto
Fg, with fand g represented by the same collection of measures.
The relation between f and g defined by (2.17) can be expressed another way

00

when B = 1. Suppose that o > 0. Let f(z) = Z a,z" (Jz| <1) and
n=0
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9(z) = Z b,z" (|z| < 1) where b, =a,/ Ay(a) forn=0, 1,2, ... . Assume

that |z <rand 0 <r<1. Then

()= Ay b,2"

n=0

B SN L (S

s 2mi . Cn+1
90 | ¥ z)
A, = d
|z;|'[— r HZ; “ {CJ C
9©) 1
——d¢.
Zm J- ¢ a-z/0)" :
By Cauchy’s theorem this gives
9(9)

f(z) = — | ——=2 2.19
()Micaﬂ@“ (2.19)

where W is any simple closed curve in D containing z in its interior. In
particular, (2.19) gives a formula for f 0 £, in terms of g 0 f;.

The next theorem provides a sufficient condition for membership in A, when
a > 1. The proof of this theorem depends on the special case of (2.18) where
B=1and a> 1, namely,

1
g(z) = (a0 — 1) j (1-1)%? f(tz) dt. (2.20)
0
Theorem 2.12 Let o> 1. Suppose that the function f is analytic in D and

1 T .
AEI j | f(re®)| (1 = 1)®2 do dr < oo.
0 J-m
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o —

ThenfOf,and || f |[¢ < ! A.

Proof: Let g be defined by (2.20) for |z| < 1. If 0 <r <1, then
m 0 1 m 0 2
j g(re’ )|des(a—1)J' j | f(tre®®)] dO | 1-1)*2 dt
- 0 -n

< (a-1) jol “_ |f(teie)|d9J (1-1)%2 dt

=(a—-1DA < oo

Therefore g 0 H'. It follows that g 0 £, and || g <[/ g, < 0‘2—_1 A.
T

Because g 0 f; the earlier observations about the relation (2.20) imply that
f 0 £, and the measures representing ¢ in f; are the same as the measures
representing f in f,. Therefore || f g, < (a-DA/2m.

Next we relate £, to a certain Besov space. For o > 0, let B, denote the set of
functions f that are analytic in D and satisfy

1 T .
j j 1f/(re®) (1 —1)*" do dr < o, 2.21)
0 J-n
For f0 B, let

1 T .
Iflg =1O)] + J'O L e (1 -0 dodr.  (2.22)

It can be shown that (2.22) defines a norm on £, and that £, is a Banach space
with respect to this norm. Also if 0 <a < then £, 6 4.

The proof of the next lemma uses the following classical result of E. Cesaro
(see Polya and Szego, vol. 1 [1972], p. 16): Suppose that {a,} and {b,}

00

(n =0, 1, ...) are sequences such that b, > 0 forn =0, 1, ..., Z b,z"
n=0

converges for | z | <1 and Z b,z" diverges forz=1. If lim n exists and

n—o
n=0 b“
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o0
equals ¢, then Z a,z" converges for |z |<1 and
n=0

0

n
> o
n=0
o0

n
>

n=0

lim
r—1-

exists and equals c.

Lemma 2.13 ForO<r<1landy>0 let

. 1
I(r)=— j o
2 b iy

There are positive constants C, depending only on y such that the following

limits hold.
If 0 <y <1, then lim I, (r) =C,. (2.23)
r—l1-
I
im 1D _ ¢ (2.24)
r—1- 1
log —
—T
If v > 1, then lim (1-n)"" L (r)=C,. (2.25)
r—1-

Proof: Note that

umsz

(1 rele)"//z
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1[I i
2—j HZ:: A (y/2)r" de
=Y (A, ¢/2)
n=0
First suppose that y > 1 and let J(r) = ﬁ, 0<r<1. Then
—-r

J, ()= Z A, (y=1) r*". Equation (2.9) yields
n=0

lim n?? A _(y-1) = )
Jim n(r=1 T -1

Since y > 1 this implies that the series for J,(r) diverges when r = 1. Therefore
Cesaro’s result and (2.9) give

L, (1) _Te-D
- 1,1 T2(y/2)

This proves (2.25) where C, = %
B Y

Z r2 for 0 <r <1. Cesaro’s result
n=1
yields a comparison between I (r) and J, (r) and the relation (2.24) follows, with
Cl = 1/xn.
Finally if 0 <y < 1, then equation (2.9) implies that

tim n2 A2 (L] L
n-vo 2) g/

Next let Ji(r

and hence Z Arz1 (y/2) converges when 0 <y < 1. Therefore if 0 <y < 1 then
n=0
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lim I, (y) exists and equals C,, where C, = Z Aﬁ(y/ 2). This proves
r—l- =
(2.23). [J
Lemma 2.13 implies that the following inequalities hold for 0 <r < 1 where
A, is a positive constant depending only on y.

A, if 0<y<1

2 .
L,(r) <<A; log - if y=1 (2.26)

1— .
A, (-1 ify>1

Theorem 2.14 1ff0 £ thenfOf, and || f|[ <C| f[g where Cis a positive
constant depending only on a. I1ff0 f, then f 0 & for every > a.

Proof: Let fO0 £. If we apply Theorem 2.12 with f replaced by f’and a
replaced by a + 1, then (2.21) implies that f'0 f,. and || f'||¢ S || flg, -

o+l

Hence Theorem 2.8 shows that f 0 A, and
Ba
[RHF Slf(0)|+7||flla§ <C| fllg

where C depends only on a.
To prove the second assertion, suppose that f 0 4, and o > 0. Then

ag

f'(z) =
T (-

du(©)
forsome pOM. If 0 <r<1, then
L i0 < s
o BRI aj - L = 'er*“ 46 d|u| )
j — e 0 A ©
Hence (2.26) implies that
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[l (2.27)

a

1 T ’ i0 A
_ <
> J-in | f (re )| do < )

where A is a positive constant. Suppose that B > a. Then (2.27) yields

J'l J' 1f/(re®) | (1= 1) do dr < 21 A ||| .[1 S S
0 - - M 0 (1 _r)(l—ﬁ+l :

Therefore f 0 Bs. [

To see that £, is a proper subset of £, let f (z) = 1/(1 — z)" and use the relation
(2.25) where y = a + 1. If f 0 B, then f can be represented in £, by a measure
which is absolutely continuous with respect to Lebesgue measure. This follows
fr(l)m the fact that the function g in the argument for Theorem 2.12 belongs to
H.

Each function in H” belongs to £ but not necessarily to f, for some a < 1. To
see this, let

for |z| < 1. Since z n% <o, fOH”. Letf(z)= Z a,z*. In general, if
n=l1 k=0
a>0and fOF, then the relations (1.18) and (2.9) imply
layg | <Ak (2.28)

fork =1, 2, ... where A is a positive constant. In our example we have

2
( log Zj
ak =
log k
where k=2"andn=1, 2, ... . Thus (2.28) is not satisfied when 0 < o < 1.
An infinite Blaschke product is a function f which has the form

f(z) =cz™ f[
n=I

|2y |
z

(2.29)

z, — 7

1

n

NI

nZ
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for |z < 1 where |c| = 1, m is a nonnegative integer, 0 <|z,| <1 forn=1, 2, ...,
and

i 1=z, < . (2.30)

The infinite product converges because of (2.30), and | f (z) | < 1 for |z < 1.
Hence f O f,. If the zeros of f have a certain further restriction then f 0 £, for
suitable a with 0 < o < 1. The argument uses the following lemma.

Lemma2.15 LetO<a<landforO0<x<1 let

1
F(x) = j ! dr. (2.31)
0 (1-1)" (1 -rx)
There is a positive constant A depending only on a such that
F(x) S ——— (2.32)
1-x)
for0<x<1.
Proof: From (2.3) and (2.1) we obtain
1 -1 n!
j (-0 " dr = (2.33)
0 oo +1) -+ (o + n)

forn=0, 1, ... and a > 0. Hence, if [x| <1 and a > 0 then

o0

F(x) = J'Ol -0 > %" dr

n=0

N a— n n - n! n
ZO[I 1-r7) LI er z a(a+l)~~(a+n)x

n n=0

Z A (oc)(oc+n) '

n=0

Since 0 < a < 1, Lemma 2.4 implies that
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1

lim =T(a) T - a).
nso A (a) (a+n) A (1 -a)
Also
A, (1 -a) x".
_ X)l oL zo
. 1 =
Letting a, = —— and b, = A,(1 — o) we have b, > 0, Z b, =
Ay (a)(a+n) —
and

n

By the result of Cesaro stated before Lemma 2.13, it follows that

lim % = (o) T(1 - o0).
(1 _ X)lftx

This implies (2.32).

Theorem 2.16 Let0<a<1. Supposethat0<|z,|<1forn=1,2,... and

i 1=z, < oo (2.34)
n=l

Let | ¢ | =1 and let m be a nonnegative integer. If f is the Blaschke product
defined by (2.29), then f 0 £,.
Proof: Logarithmic differentiation of (2.29) gives

f@_m <zl -1
mfﬁ+§<aﬂm4m (239

for0<|z|<landz [ {z,}. Let
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m
fo(z) = . f(z)

and forn=1,2, ... let

fn(z):czmH @Zk:z.

z, -7z

k#n
Then (2.35) implies

, |z||zn|2—1
(2) = fo(2) + Y fu(n) =0 ———

i (2.36)
n=1 n

for |z| < 1. By Schwarz’s Lemma | fy(z) | < m. Hence | fy(z) | <1 yields

2
1f'(z)|<m + Z ﬂ. (2.37)

1= Z,zf

Let 0 <r<1. Then (2.37) implies
1 b 0 1

'EI j 1£(re®) | (1 = )% d6 dr
0 -7

1

0 P 1
< 2nm + (1— z, 2) ———do; (1 -0 dr
J-O ; | | I—n |] — Enrele |2 ( )

:zfcmj;a—r)“‘ldwjZ(l—|zn|) |Z| S (-0 dr

27tm

+4n2<1—|n|)j0 - la(l Pl

Lemma 2.15 yields

2mm

| < +4n AZ(l 1z, %

n=I
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Hence our assumption (2.34) implies that | < o and therefore f 0 B,. Theorem

2.14 completes the argument.
We give another application of Theorem 2.14. It concerns the function

S(z) = exp [— 1;:;}

which plays an important role in the study of H” spaces. Since | S(z) | <1 for
|z| <1 it follows that S 0 f;. We improve this by showing that S 0 £, for all
a > Y. Our argument uses the following elementary lemma.

Lemma 2.17 Letz=re where0 <r<1and —n <0 <. There are positive
constants A, B and C such that the following statements are valid.

(@ |1-z[|>A[H8].
(b) 1f]0|<1-rthen|1—z|<B (-1
() Ifl-r<|0|<mthen|1-2z|<C|0].

Proof: To prove these inequalities we may assume that 0 < 8 < n. For such
0, lety=]1—-z"=1-2rcos®+r’. If0=0,theny=(1-r)>>0. I[f0<0<n/2,
then y has a minimum at r = cos 6 and hence y > sin? 0. If /2 < 0 < =, then y
has a minimum at r = 0 and hence y > 1. Since sin 8 > (2/n) 0 for 0 < 6 < n/2,
the cases above imply that y > 0%/r* for 0 < 0 < 7. This holds for all r,0<r<l1,
and hence (a) follows.

Assume that | 0] < 1 —r. Since 1 —2r cos 0 + r* = (1 —r)? + 4r sin” (6/2) and
since sin @ < @ for 0 < ¢ < 1/2, this yields

| 1—z = —r)*+4rsin® (6/2) <2 (1 - 1)~

This proves (b).
Finally, assume 1 —r <. Then

| 1—z=(1—-r)*+4rsin® (0/2) <2 6.
This implies (c). [

Theorem 2.18 Let the function S be defined by

S(z) = exp [— 11+ Z]

—Z
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for [/ < 1. Then S OF, fora>%andS [ £ fora <.
Proof: Letz=re® where 0<r<1and-n<60<m. Since

S'(z) =

2
127 S(2)

it follows that

j_ 1S (re™®)| d6 = 2 I 0“ 1S'(re™®) | d6 = 4 {I(r) +J(r)},

where

1(r) —IH B S B e S P (2.38)
0 Jl—re®p T :

and

® 1 1 -1
J(r) = J. ———expy———— dO. 2.39
( 1=t |1 —re'? p{ |1—relez} (239

From (b) in Lemma (2.17) we obtain

1-r

1 1-r?
I(I') < J.() W €Xp {— m} do

and hence

1 1
I(r) < - exp {— B2 —r)} (2.40)

From (a) and (c) in Lemma (2.17) we obtain

1 -1
atg? { w} “©

The substitution x = /1 —r/C0 in the last integral yields

T
1-

J(r)sj r
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1

ICF —x2

I(r) € ————

C © 2
Az,/l—r : A1 -t ,[0 ¢

Cn

Thus there is a positive constant D such that

IJ(r) £

(2.41)

for 0 <r < 1. Inequality (2.40) implies a similar estimate for I(r). Hence there is
a positive constant E such that

J'_ 1S/(re™®)|d6 < (2.42)

=T

forO0<r<I.
Inequality (2.42) implies that

jl [* seeia-ndoar<k | Lot
0 - 0

If a > ' the last integral converges and thus S 0 B,. Hence Theorem 2.14
implies that S 0 £, for o > .

Next we verify that S [ f, for a < %. From (a) and (c) of Lemma 2.17 we
obtain

T —2(1r)
J(r) > J. 707 exp{ 207 }de.

1-r

The substitution x = /2(1 — r) /A0 in the last integral yields
1 \E

A aVi-r  _2

I(t) 2 ———— e " dx.
c2 20 -1 IW

An

Hence
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© .2
J- e ™ dx.
0

lim {1 -1 J(r)}z

A
r—l- sz/E

Since
T )
j 1S'(re®)] d0 > 4 J(r)

this implies that there is a positive constant F such that

F

=TI

J: 1S (re®)] d6 > (2.43)

for 0 <r<1. From (2.27) we see that (2.43) implies that S " f, when o < %.
Inequality (2.43) implies that S (Bip In Chapter 3 we obtain the stronger
result that S [ £y.
Next we obtain facts about f; which relate to Hadamard products. Suppose

[’e]

that f and g are functions that are analytic in D and let f(z) = Z a, z"and
n=0

0(z) = Z b,z" for |z] < 1. The Hadamard product of f and g is defined by
n=0

(f*g)(z) = i a,b,z" (2.44)

n=0

for |z| < 1. The series in (2.44) converges for |z| < 1 and hence f *g is analytic
inD.

Two formulas are obtained for f * g. First, let |z| < 1 and choose p such that
|z| <p<1. Then
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(f*g)2) =) ab,2"

n=0

Hence
(f*g)(z)—— j f(pel%g( ‘lejde (245)

for |z <p<1.
For the second formula we assume that f 0 £, and g is analytic in D. Then
there exists w 0 M such that

- [T aw©
T

forn=0, 1, .... Hence

o0

(f*9)2) =,

n=0

;

(f*9)2) = [ 9(C2) du(©) (2:46)

T

——
— C—y

du(C)}

s

b, Z} (o),

Il
— C—y

I
[}

which yields

for |z| < 1.
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Lemma2.19 Iff0 F'andg0 F, then fxg0 F, .

Proof: The function f belongs to Fl* if and only if f is analytic in D, f (0) =1

and Re f (z) > ' for |z| < 1. This is an easy consequence of Theorem 1.1.
Suppose that f 0 Fl* and g 0 Fl*. Then (2.46) holds for some p 0 M*. Also

g(0) =1 and Re g(z) > ' for |z| < 1. Hence

(f+9)0) = [ 90 du(@ = | du©) =1
T T
and

Re {(f20)@)} = [ Re 0@ @) > [ S @ =3
T

T

for |z| < 1. Therefore f*g OF .

Theorem 2.20 IffOf,andgOf, then f*g OF,.

Proof: The hypothesis implies that f and g are linear combinations of four
functions, each of which belongs to F; . Hence f*g is a linear combination
of sixteen functions, each of which is a Hadamard product of two functions in
F, . Lemma 2.19 implies that f g 0 Ff,.

Theorem 2.21 Let f be analytic in D. Then f belongs to £, if and if
fxg 0 H” foreveryg0 H”.
Proof: Suppose that f0 f;. Then there exists u 0 M such that

1
f(z) = = . .
(@) i g MO @< (2:47)

Suppose that g 0 H”. Then (2.46) holds and hence

|(f *g)(Z)ISI 191l Al @ =119 lly= lull
T
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for |z] < 1. Therefore f+g 0 H*. This proves one direction of the theorem.
We also note that

IF gl <l fFllg 11915 - (2.4%)

To prove the converse, suppose that fis analyticinD and f*g 0 H™ for
every g 0 H”. Let Hy be defined by H; (g) = f*g for g 0H”. Our
hypothesis is that Hf maps H” into H”. Also H is linear.

We claim that G = {(g, H;g): g 0 H”} is closed in H” x H”. To show this,
suppose that g, 0 H* forn=1,2,...,90 H”, g, — g, Hf g, — h and

h0 H”. We need to prove that h = Hy g. Suppose that |z| < 1 and let r = |z|.
Choose p such that r <p < 1. Below we apply (2.45) with g replaced by g — 0.

[((H9)(2) - h(@)[<[(Hf9)(2) - (H9,)(2)|+[(H{9,)2) - h(z)]
=1H(9-9,)@) [+ [(H{9,)(2) - h(2)]

< {Sup | f(Z)I} 19=9n Iy + 1(H¢gy) = Dl .

[z|=p

Since || g =g, [l
(Hi9)(2) = h(2).
Since H is an F-space, H; is linear and G is closed, the closed graph theorem

implies that H; is continuous. Thus H; is a bounded linear operator on H*.
Therefore

— Oand [[(Hg,) — h|l,;~= — O, this shows that

H w
Mzsup{%: gli[{w,g¢0}<oo (2.49)
g H®

and M = || Hg ||
Recall that C is the Banach space of complex-valued functions which are
defined and continuous on T and where the norm is defined by
lgllc =sup|g(f)| for g 0 C. Let A denote the subspace of C consisting of
=1

functions that are analytic in D and continuous in D. For 0 <r <1 define the

function f, by f(z) = f (rz) for |z < l Then f, is analytic in D. Also define
r
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oA |by

0@ = [ fEgE™) do (250)
T —T

00

forg0A. If f(z) = z a,z" and g(z) = z b,z" then

n=0 n=0

1 -

— f (re'? e 19y do = a b r'p"
ol LG LTCOR ZO Wb

for 0 <p<1. Letting p — 1 we obtain

i J' Fre®)gle ™) do =D ab,r".

n=0

Hence

o0

0.(9) = D ab,r". 2.51)

n=0
Since ¢.(g) = (Hfg)(r), (2.49) yields
lo (@ <M [l gl- (2.52)

for0<r<1andg0H"

A simple argument shows that ¢, is a continuous linear functional on A. We
also note that (2.52) implies that || ¢, || <M for 0 <r<1.

The Hahn-Banach theorem implies that ¢, can be extended to a continuous
linear functional on C without increasing the norm. Let @, denote such an

extension. Then | ®, ||<M forO0<r<1. Let {r,} (n=1,2, ... ) be a sequence

such that 0 <r, <1 for all n and r, — 1 as n — 4. The Banach-Alaoglu theorem
implies that there is a subsequence of {r,}, which we continue to call {r,}, and
® in the conjugate space € such that ®, — © inthe weak topology as

n—4.
By the Riesz representation theorem there is a complex-valued Borel measure
p on [-m, n] such that
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1 T
o(g) =~ [ 9™ du®) (2.53)

for every g 0 C. Let j be any nonnegative integer and define g; by gj(eie) =gl
Then (2.51) yields ¢, (9;) = rnjalj forn=1,2,.... Letting n — 4 in this

equality and using (2.53) we obtain

1 r g
aj= (g =--| ¢ du(@).

T ¢¥—T

This can be expressed as a; = I Ej dv() wherev0 M. Since this relation
T

holds for every nonnegative integer j we see that

o0

fo=> ajzizj 1 15 dv(Q)

N —0Z
j=0 T

for |z| < 1. This proves that f 0 f.

NOTES

The facts about the gamma function given in Lemma 1 are in Andrews,
Askey and Roy [1999]. Lemmas 3, 6 and 9 were proved by Brickman,
Hallenbeck, MacGregor and Wilken [1973]. Equation (2.7) is a special case of a
more general formula involving the hypergeometric functions given in Nehari
[1952; see p. 206]. Lemma 6 was proved independently by Brannan, Clunie and
Kirwan [1973]. Lemma 7, with the exception of the norm estimate, is in
MacGregor [1987]. The exact norm estimate is in Hibschweiler and Nordgren
[1996]. Theorems 8 and 10 are in MacGregor [1987] for a > 0 and in
Hibschweiler and MacGregor [1989] for oo = 0. Theorems 12, 14 and 18 were
proved by Hallenbeck, MacGregor and Samotij [1996]. A proof of Lemma 13 is
in Pommerenke [1962; see p. 262]. The argument in Theorem 16 showing that
(2.34) implies f 0 B, is due to Protas [1973]. Theorem 21 was proved by
Caveny [1966; see Theorem 3].
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CHAPTER 3

Integral Means and the Hardy and Dirichlet Spaces

Preamble. This chapter focuses on relationships between the
families F, and other well-known families of functions
analytic in D. The chapter begins with estimates on the
integral mean for functions in F,.  Subsequently the
membership of afunction in F; is related to its membership in
asuitable Dirichlet space or Besov space.

We begin by introducing the notion of subordination.
Littlewood's inequality is proved. It states that if two
functions are related by subordination, then the integral mean
is largest for the majorizing function. Set theoretic relations
between F, and the Hardy spaces K are obtained. One
argument relies on a result of Hardy and Littlewood about
fractional integrals and membership in H. Also asymptotic
estimates are given for the growth of the integral means of a
function in F5, as r ? 1- This is a consequence of a
comparable result of Hardy and Littlewood about Hardy
spaces and fractional derivatives.

The Dirichlet spaces D, are introduced and the membership
of a function in D, is related to its membership in Fg for
suitable 3. This question is studied further for bounded
functions and for inner functions. The membership of an inner
function in F5 is shown to be equivalent to its membership in
D1 5 and its membershipinB,, when0<a< 1.

We begin with the notion of subordination. Let f and F denote two functions
which are analytic in D. We say that f is subordinate to F in D provided that
there existsafunction f whichisanalyticinD and satisfies | f(z) | < 1 for
| z| < 1andf(0) =0 and for which

f(2) = F(f(2)) (2l < ). (3.1)
If FisunivalentinD, thenfissubordinateto Fif and only if f (D) d F(D) and

f (0) = F(0). In this case, we seethat f = F ™ Bf. An example of subordination
is

a7
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given by the family P which consists of those functions that are subordinate to

F()—1+Z

A fundamental result about subordination, Littlewood’'s inequality, is given
next.

Theorem 3.1 IffissubordinatetoFinD,p>0and0<r <1, then

p p
Ol ) P d?2£ )| Fre”) |” da. (3.2)
-p

-p

Proof:  Suppose that f is subordinate to F in D. Then (3.1) holds for a
suitable function f. Let the functions u and U be defined by u(z) = |f(2)|" and

U(2) =|F(2)|" for|z|<1. Thenuand U aresubharmonicinD and
u(z) = U(f(2)) for |z | < 1.

Since f (0) = F(0), (3.2) holdswhenr =0. Now supposethat 0<r<1. LetV
denote the function that isharmonicin{z: | z | < r} and satisfies V(z) = U(z) for
| z|=r. Since U is subharmonic this implies that U(z) < V() for |z| <r. By
Schwarz's Lemma, | f(2) | < | z |, and thus u(z) = U(f(2)) < V(f(2)) for |z | <r.
Thefunctionv=V Bf isharmonicin{z: |z|<r} and continuousin
{z: |z|<r}. Therefore

1 " : 1 P _
2_p _?U(fe'q) dg £ 2_p (‘)v(re'q) dqg = v(0) =V(0)

p
0 V(re'd) dg = — OU(re'q) dg.
-p

Ja>|H

Thisproves (3.2). y
For each functionf analyticinD andforO<r<landO<p< 8 let

1/p

p . ;
M, (1, f) !Zi Ol fe P dqg . 3.3)
-p

1

For the next theorem we use the following known result.
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Lemma 3.2 Suppose that the function u is real-valued and nonnegative in a
domain O and letv = P where p > 0. If u is subharmonicin O and p > 1 thenv
is subharmonic in O. If u is superharmonicin O and 0 < p < 1then vis
superharmonic in O.

Theorem 3.3  Suppose that f 0 F, for some a > 0. Then the following
inequalities hold for 0 < r < 1where A denotes a constant having the form
A = C|[f |l and Cisa positive constant depending only ona and p.

(@ If0<a<land0<p< lathen
MB(r, f)£A. (3.4)
(b) Ifa=0then (3.4)holdsfor allp(0<p<8).
(c) If 0<a<landp=1/a,then
MB(r, f) £ A log 1_2r (3.5

(d) Ifa>0,p>Laandp>1,then

A

p
Mo f)E T r)ap_l. (3.6)
(e) Ifa>land0<p<1 then
p A
Mo f)£ Lo . (3.7)

Proof: Suppose that fO F, for somea> 0. Then (1.1) holds for somep O M.
To prove the inequalities it suffices to assume that f 0 Fa*. This is a
consequence of the Jordan decomposition, (1.10) and the fact that there is a
positive constant B depending only on p such that (a+ b)° < B(&® + bP) fora> 0,
b>0andp>0.

1

Let F,(2) = 1

- for|z| < 1. First consider thecase0<a<1l. ThenF,

isunivalent inD and F, (D) isconvex. Since (1.1) can be expressed as
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f(2) =(‘j:a (zZ) dm(z), the convexity of F,(D) and the fact that p is a

T
probability measure imply that f (D) d F(D). Also f (0) = F; (0) = 1 and hence
the univalence of F, impliesthat fis subordinateto F,. Theorem 3.1 yields

p

1 1
MP(r,f) EMR(r,Fy)=— )\ ————
D( ) p( a) 2p ? |1_ re|q|ap

If 0 < p < l/athen (2.26) yields (3.4) and (3.5).

. . i . :
Sincethe functionz 7?2 log 1 is univalent and convex in D and belongs

to HP for every p (0 < p < 8), we find that whena= 0, (3.4) holds for every p.
From (1.1) and p O M* we obtain

1f(2)] £ Toﬁ ) (<), (38)

Suppose that p > 1. Then (3.8), the continuous form of Minkowski’s inequality
and periodicity yield

Mp (1, f) <Mp (r, Fa) (3.9

for 0<r < 1. Hence (2.26) yields (3.6).
Next assumethat a> 1 and 0 < p < 1. First suppose that a> 2. Then (3.8)
implies that

1 N
¢- 12072 O 722

[f(2)| £ dn(z)
1 < 1-]z)?
@-|zp** 7 L- zzf

N &l+zz0

1
= - —+d .
@- |zp*t 9Re§1- 2z e)

dniz)

Hence

[f(2)| £ ﬁ (3.10)
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where u is a positive harmonic function. Since 0 < p < 1 Lemma 3.2 implies
that u® is superharmonic in D and therefore

p
Zip QUuP (re'") dg £ uP(0) =1
-p

for0<r<1. Hence(3.10) gives

1

| f(re'9) [P dq Em.

1
- 3.11
2p ) ( )

UO/U

Thisproves (3.7) when a> 2.
Finaly assume that 0 < p<land 1 < a< 2 Theorem 2.8 implies that
g = f¢0F,;. Sincea+ 1> 2, the previousresult appliestog and hence

M, (r,f9 £ _B (3.12)

@-n

for 0 <r < 1 and for a suitable positive constant B. Because a > 1, (3.12) is
known to imply

C

Mp(r,f)EW

(3.13)

for asuitable constant C. Thisproves (3.7) inthecasel<a< 2.

The arguments given here show that the constant A in (3.4), (3.5), (3.6) and
(3.7) hasthe form we claimed.

The sharpness of (3.5) and (3.6) follows by letting f = F, and appealing to
Lemma 2.13. In Theorem 3.8 it is shown that if fO F;, a>1and 0 < p < 1 then
|(i®nil (1- @y b(r,f) =0 and so no function can exhibit sharpness for
® 1

3.7).
Next we obtain relations between F, and H. One argument uses the
following result of Hardy and Littlewood.
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Theorem 3.4 Supposethat 0<qg<t< 8, I'S:l— 1and 2 :L
t Gn+1+0R)
¥
forn=0,1,.... Let f(2) = a,z" (z|<1) andlet
n=0
3
9@ =a bnz" (12| <1) whereby=?a, forn=0,1,.... Iff0 HY then

n=0
g0 H'.

Theorem 35 Fod HPfor O<p<8. If0O<a<lthenF,dHPfor 0<p<l/a
IfO<p<1thenH’d Fyp. Ifp>1thenH’d Fy.

Proof: The first two statements are consequences of Theorem 3.3. Earlier
we noted that H d F;. Next suppose that 0 < p < 1 and f 0 H” and let

¥
f(2) = é_ a,z" (|z|<1). Applying Theorem 3.4 withgq=pandt=1we
n=0
¥
. 1 o n n!
obtain g 0 H" where g(z)=Q b,z",b, =0,a, and g, =

n=0 G(n + 1)
p

Equation (2.5) yields a, = A, (1/p) G(l/p) b,,. Because g 0 Fy, this
coefficient relation and the remark after relation (1.18) imply that f O Fyp,.

The last assertion follows sincep > 1 impliesthat H° d H* d Fy. ¥

Simple examples show that the relations in Theorem 3.5 are precise. In
Chapter 5 we give an example which implies that if a > 1 thereis a function in
Fa which belongs to no Hardy space.

The following example relates to Theorem 3.5.

Proposition 3.6 Fora> 0and B3> 0let

1

f(2) = (2 < 1).

)

0

1- 2)° ?Iog 12
z 1-2zy4

If 3> a thenf 0 HY2 and if = a then f 6 HY2. Alsof O F, for everya and R.
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Proof: Leta>0andR>0. Thefunctionz ;b isbounded
10
G 9T
inD. Alsothefunctionz 72 ! belongsto HP for p < l and hence
1- 2)@ a

fOHPfor p < l Because f0 HP for some p it follows that f 0 HY (g > p) if
a

and only if f (€%) 0 LY ([—p, pl).
There are positive constants A and B (depending only on aand f3) such that

A £1fENE ;__b (3.14)
a1 g L8 lq[* Glog >
$% Talz ¢ Tals

for 0 < |2 < /2. Also f extends continuously to ?D \ {1}. Since
1/2

N

dg < ¥ for ?> 1, we conclude from the right-hand inequality in
o q(log E)g
(3.14) that f (€%) 0 LY2 ([—p, p]) when B > a Therefore f 0 HY® when B > a
12
Since O 1 dq = ¥, theleft-hand inequality in (3.14) implies that
o q(log —)
f(€?) oLY? ([-p, p]) when B=a Thereforef 6 H2whenR=a

It remains to show that f 0 F,. First consider thecasea= 1. If 3> 1 then as
shown above f0 H! and hence fO F;. Next supposethat 0 <3< 1. Let

1
9(2) = (l2I<1)
1 1
@-2=log

z 1-

1 ! 0
and h = —. Thenh(z)—o—dt andsmceReg Z—>0for05t51

g9 - zg

and |z| < 1 we have Reh(z) > 0. Letk(z) = (1—2)*® h°(z). Since0<R<1,
Re(1-2) > 0 and Reh(z) > 0 it follows that Re k(z) > 0. Because f = 1/k we
obtain Re f(z) > 0 for |z] < 1. The RieszHerglotz formulayieldsfO F;.
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Next we consider thecasea> 1. Let ?=a—1. Then

! u
1 11 1 i
f(2) = i y-
127 1002 2 jg 2o
0 z 1-z

The second function in this product isinF1, by the previous case. Sincethefirst
functionisinF,, Theorem 2.7 impliesthat fO F,.
Finally, assumethat 0 <a<1. Then

f¢2) :g (@) +m2) + n@@) (3.15)

where

1

L(2) =- - 5

el 1
1- 223 log —
@-2 g; gl-z

1

o\ C

m(z) =

@- 22 1 log 1
€ u
ez - Z0

and

a

n(z) = = .

é1 1
1- 22" = lo
( ) g; gl-z

O\

The previous case yields R 0 Fa;. Since m(z) = p(z) and p O HE,

a

Theorem 2.7 yields mO Fa;. Because R+ m O F,.; and R+ mvanishes at O it
. . b
follows easily that the function z 22 2 [é(z) + m(z)] also belongsto Fae. Also

n O Fa by the previous case. Therefore (3.15) impliesthat f ¢0 F4.q. Theorem
2.8yieldsfOF,. ¥y
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For B > 0, let the operators k and DO; be defined on Has follows. If

¥
f(2) = é a,z" for|z| <1, let
n=0

¥
=8 P, and
n=0 n!
¥ - )
(Dbf)(Z)_a—b m a,z

Then (D f)(2) = 2 f ®(2) where f ® denotes the fractional derivative of f. We
shall use the following theorem of Hardy and Littlewood.

Theorem 3.7 1ff 0 HP for some p > Othen I(i@n; (1-nt M, (,D,f) =0 for
® 1-

every 3> 0.

Theorem3:8 1f0<p<1,a>1andfOF,, then lim (1- Nt M,(r, f)=0
® 1

Proof: Supposethata> 1and fO F,andlet B=a-1. Then (1.18) and (2.5)
imply that

Rn+b+1) y=n O,
f(2) = a Qm 92 dm(z):jz (Iz| < 1) (3.16)

n=

forsomeu O M. Letg=Igzf. Then

g(z)_a EEEB(n- b+1) G(n+b+1) (\Yn drr(z)

(z1<1). (3.17)
o §  Gb+h () g :

For ? real, apply (2.4) with z=n+? and z = n+1. Division of the two results
yields

Gn+g _ 416 10
2 =n §l+o(ﬁ)H (3.18)

asn? 8. Two applications of (3.18) yield
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Gn-b+)Gn+b+y .

3.19
(n)? Pr 19
_— _ &
as n? 8, where the sequence {b,} satisfies b, = Ogﬁa From (3.17) and
eng
(3.19) we seethat
g=01+0 (3.20)
where g,(2) = 1 PSR WAS 0 (2)= 1 g c, z" and
ey 01 P T @ &

¥

Cn = m(\)E” dm(z). Hence é_ |c,|> <¥ andtherefore g, 0 H? d Fy. Also
T n=0

g1 0 F; and thus (3.20) impliesthat g O F;. Hence (3.4) yieldsg 0 HP for

0<p<1 Theorem 3.7 now implies that

. b —
rI(F|Dn11_ @-1r"M,(r, Dyg) =0.

Since Dgg = f and 8= a1 this proves lim (1 - Nt My(r, f) =0. y
®1

If the functionf isanalyticinD and f? 0 we let

P

€1 " _—
Olog| f(re'")| dgu (3.2
p H

Mo(rl f) :e(p e_
gp .
for 0<r<1. Thentheintegral in (3.21) exists, Mo(r,f) <Mp(r, f) for p>0and

lim M, (r, ) = Mo(r, ).

The following result is a consequence of Theorem 3.8.

Corollary 3.9 If fOF, for somea> 1andf? Othen

i _pal -
rléT. @-NF"My(r, f) =0.
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In Chapter 5 it is shown that Theorem 3.8 and Corollary 3.9 are sharp in a
precise way.
Next we consider Dirichlet spaces. For each real number a, let D, denote the
set of functions f that are analytic in D such that f(z) = Z a
n=0

z"(z| <1

n
and

0

D na, P < (3.22)

n=1

The space D, is a Banach space with respect to the norm

1/2
Ifllp, s|f(0>|+[2 n® |a, |2J : (3.23)

n=l

The cases a = 0 and a = 1 are of special importance. Note that Dy = H%. Let

A(Q) denote the Lebesgue area measure of the measurable set Q 8 |. Since
dA =r d dr, the power series for f yields

0

J' @) dA@ =1 > nla, P

|z < r n=l|

for 0 <r < 1. This is the area of the image of {z: |z| <r} under the map
z |— f (z), where we count multiplicities of the covered regions. Hence f 0 D,
provided that the area of the map z I— f (z) is bounded for 0 < r < 1. In
particular, if f is univalent in D then f O Dy if and only if the area of f (D) is finite.
If o < B then Dg 3 D,. Also, if > 1 and f 0 D, then z |a, | <o and so f
n=l

extends continuously to D. In particular, D, 8 H” for a.> 1.

Theorem 3.10 If a<2then Dy, & F_qp.
Proof: Suppose that f 0 D, for some o < 2, and let

['e]

f(z)= ) a, z" (z|<1). Define g by g(z) = D b, z" (|z| < 1) where

n=0 n=l
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b, =n"?a, forn=12, ... . Then (3.22) implies Z |b, |2 < oo. Thus g0 H?

n=l

and hence g 0 F,. It follows that there exists p 0 M such that b, = J. " du)
T
forn=1,2,.... Inthe case o = 2 this yields a, = 1 '[ E " du(€) , thatis, f 0
n
T

Fo. Suppose that o <2 and let § = 1-o/2. Then a, = nP! J. " duw@), forn
T

=1,2,.... The relation (2.9) yields
P = A (B)[TB) +c,(B)] forn=1,2, ... where |c,(B)| = o(l) as n — o,
n

Hence

ay =AM [ T du©) +c,(B) A, [ T" du(©
T

T

forn=1,2,.... Since |c,(B)| = O(lj the function h(z) = E d, z" where
n
n=1

d, =c,(B) I ™ dp(¢)belongs to H? and hence there exists v 0 M such that
T

d, :J. " du(¢) forn=1,2,.... Therefore a, = An(B)I £ dnE) for
T T

n=1,2,... where A = T'(B)u + v. The argument shows that Z:anzn 0 Fg and
n=1
hence f0 F|_yp. [
It follows from our argument that if oo < 2 then .each function in D, is
represented in f1_y, by a measure p such that du(¢) = F(e") do ( = ") where
F 0 L* ([-x, n]).

Theorem 3.11 Ifoa>0and B <1—2athenf,d D

o0

Proof: Suppose that o > 0 and f 0 f, where f(z) = Z a,z" (|z| <1). The
n=0
asymptotic expansion for A,(a) shows that there is a positive constant A such
that |a, | < A n®" forn=1,2,.... This yields
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Z nP |a, I < A? Z n2***=2 for ecach p > 0. If p < 1 — 2a the last sum is
n=l1 n=1
finite and therefore f 0 D.

The arguments given for Theorems 3.10 and 3.11 provide suitable
comparisons of the norms. The theorems are sharp in the following ways.
There is a function f 0 D, such that f [ fg for every B < 1-a/2. An example is

- log 2
given by f(z) = z a,z" wherea, = L&/Z forn=2k=1,2,...)
=0 (logn)n

and otherwise a, = 0. Also f, & Dy_,, follows by considering the function

Z|—

(1-2)*
Next we improve Theorem 3.11 for bounded functions.

Theorem 3.12 Ifa>0thenf, N H*8 D
Proof: Suppose thato>0andf0f, NH”. Let

00

f(z):z a, z" (|z| <1)

n=0

and ¢(z) = z aa“_l z" (|z| <1). Since f 0 f, earlier arguments (such as in

n=l

the proof of Theorem 3.10) imply that g 0 ;. Hence there exists p 0 M such that

1
9(2) = l =g, MO (@<, (3.24)

Let h(z) = f(z) for |z| < 1. Since f 0 H” it follows that h 0 H”. Let k denote
the Hadamard product of h and g. Theorem 2.21 implies that kK 0 H”. Since

o0

hz)=Ya,z" (z| <D,

n=0
o0

k(z) = an‘“ la, > 2" (|21 < 1). (3.25)

n=l
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Because k is bounded, it follows that an_“ la, |> < 0. Therefore
n=1
foD_,.
From our earlier observations about D;, Theorem 3.12 can be restated in the
following way when a = 0.

Corollary 3.13 For 0 <r <1 let A(r) denote the area of f ({z: |z| <r}) counting
multiple coverings. Iff0 f, N H” then lir{1 A(r) < oo
r—l-

We shall determine those inner functions which belong to fy. A function f is
called an inner function provided that f is analytic in D, | f (z)] < 1 for |z] < 1 and

|[F(0)] = 1 for almost all 0 in [-w, ], where F(0) = lim f(reie). Each finite or
r—l1-

infinite Blaschke product is an inner function and so is the function S where
1+
S(z) = exp |:— 1—21 for |z| < 1.
-z

Recall that A(E) denotes the Lebesgue area measure of the measurable set
E3|.

Lemma 3.14 Let f be analytic in D and let

E = {wO0 |: f-w has an infinite number of zeros in D}.

I E is measurable and A(E) > 0, then j 1 £'(2)]> dA(z) = .
D

Proof:  For w 0 |, let N; (w) denote the number of zeros, counting
multiplicities, of f — w in D. The change of variable formula gives

j 1 f'(2))> dA(z) = j N (w) dA(w). (3.26)
D f(D)

By hypothesis, Nt (w) = co for all w 0 E. Hence (3.26) implies that

J’ |f’(z)|2dA(z)2.[ N, (W) dA(w) = .
D E

We shall use a weaker form of the following result of Frostman.
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Lemma 3.15 Suppose that f is an inner function which is neither constant nor
a finite Blaschke product. Then the set

{wO0D:f(z)—w=0 for finitely many z 0 D}
is of logarithmic capacity zero.

Theorem 3.16 If f is an inner function which is neither constant nor a finite

Blaschke product, then I | f'(2)|* dA(z) = .
D
Proof:  This follows from Lemmas 3.14 and 3.15 since every set of
logarithmic capacity zero has Lebesgue measure zero, that is, the set E in
Lemma 3.14 satisfies A(E) =m.

Theorem 3.17 An inner function belongs to £, if and only if it is a constant of
modulus 1 or a finite Blaschke product.

Proof: It is easy to show that any function analytic in D belongs to fy. In
particular, every constant function and every finite Blaschke product belong to
Fo.

Conversely, if f is an inner function and f 0 £y then Theorem 3.16 and
Corollary 3.13 imply that f is a constant of modulus 1 or f is a finite Blaschke
product.

Next we obtain a relation between membership in a Dirichlet space and
membership in a Besov space for inner functions.

Let B denote the set of functions f that are analytic in D and satisfy | f (z)| < 1
for|z]<1. ForfOBand 0 <r<1, let

T
E(r) =1 - —— I | F(re®) 2 do. (3.27)
2n
Then E(r) > 0 and E is nonincreasing on [0,1).

1
Lemma3.18 Iff0B 0<o<1and J.E(r)(l—r)‘)“2 dr < o0, then 0 B,.
0

1-]f(2))

Proof: Suppose thatf0Band 0 <a < 1. Then | f'(z)| < T
—|z

for |z| < 1. Therefore
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1 = 1 =n
'[ j | f/(re®)| (1 —1)*" d6 dr sJ‘ j (1| fre®) ) (1 - 1)* 2 do dr

0 -m 0 -m

1
- 2nJ' E(r) (I - 1)® 2 dr.
0

1
The hypothesis J. E@r)(1-r) %2 dr < oo and the definition (2.21) imply that
0

f0g,.

Suppose that f is an inner function. Then lim E(r) =0. This is a
r—1-

consequence of the following facts. First, if F(0) = lim f(re'®) then [F(9)| = 1
r—1-

for almost all 6 and hence J-|F(6)|2 do =2n.  Also, since f 0 H%

—T

r—1-
=T

lim [|f(re®)? do = j|1:(e)|2 do.

Lemma 3.19 Suppose that f is an inner function. Let

f(z)=) a,z" (|z|<1) and for k=0, 1, ... let R, = > |a,[>. Then
n=0 n=k
E(r) < 4(1 - 1) Z R, for0<r<l.

ISnSL
I-r

Proof: Suppose that 0 <r <1, and let m be the greatest integer in IL By
-r

assumption f is an inner function and hence

1 7 >
1=—J' F(0)|? do = a 2.
] IFO) Z;, la, |
—n n=
Therefore

© 2006 by Taylor & Francis Group, LLC



Integral Means and the Hardy and Dirichlet Spaces 63

0 0
2 2 2
E(r)22|an| _Z|an| rn
n=0 n=0
0

m
= la P a-r™y+ > fa, -
n=1

n=m+l
m o0
2 2 2
<=1 D nja, P+ Y fa,
n=l n=m-+1

=(1-r) D (R, = Ryy) + Ry
n=1

m
=(1-r?) {Z R, - mRmH} +Rona
n=I

m

<2(1-r1) Z R, +[1-m(d-12)]R,.,.

n=l

The definition of m yields 1 — 1 <r<l- Ifr=1- L then
m m+1 m

1—m(1—r2)=—1+iso.
m

m
It follows that E(1- L) < 2 Z R, . Because E is nonincreasing this implies
m

n=l

andlé
m+1 m m+1

that E(r) < 2 z R,. Alsor<1- and hence
m n=l1

E(r) < 4(1 —r)i R, <4(1-1) Z R,.
n=l1 1

1<n<—
1-r

Lemma 3.20 Suppose that 0 <o < 1 and Z n'"%la, > <.

n=l
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Fork=0,1, ... let R, = Z la, |2 . Then there is a positive constant A
n=k
depending only on o such that

n=1

1 o0
J. { z Rn }(1 — r)a_l dr <A z nl—(x |an |2 '
0

Proof: The assumptions 0 < o < 1 and Z n'™® la, | < oo imply that

n=l

0
Z la, |* < oo, and hence R, < oo for every k. There is a positive constant B

n=1

depending only on a such that Z kL“ <Bn'* forn=1,2,.... Thus
k=1

o0

.1[ { Z Rn}(l—r)‘H drzz {Rn j (1 -r! dr}
0 1

1 n=1
L L

n=l 1 n=l D k>p

N » N | B 2
== la, P ), — fs=> 0" a, P
0"nzl k=1 an:l

Theorem 3.21 Suppose that f is an inner functionand 0 <o <1. Iff0OD_,

then f 0 B,.
Proof: Assume that 0 < a < 1, f is an inner function and f 0 D,_,. If
f(z) = z a,z" (Jz| <1) then by assumption z n'™* |a, | <. We
n=0 n=1

obtain the conclusion f 0 B, by successively applying Lemmas 3.20, 3.19 and
3.18.

Theorem 3.22 Suppose that f is an inner function and 0 <o < 1. The following
are equivalent.
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(a) fOF,.
(b) fOD o
) fOEB,.

Proof: This theorem is a consequence of Theorems 2.14, 3.12 and 3.21.

1
Theorem 3.22 completes the information about S(z) = exp [— ] +Z]
-z

obtained in Theorem 2.18. As we noted in Chapter 2, S (B, Now we see that
this fact and Theorem 3.22 yield S [ Fn

NOTES

Theorem 1 was proved by Littlewood [1925]. The argument given here is
due to Riesz [1925]. Duren [1983; see Chapter 6] contains a variety of facts
about subordination. Theorems 3, 8 and 9 were proved by Hallenbeck and
MacGregor [1993a]. Theorems 4 and 7 are due to Hardy and Littlewood [1932].
Theorem 5 is in MacGregor [1987]. The result used in the proof of Proposition
6, namely, if f 0 H? and q > p, then f 0 HY if and only if f (¢*) 0 LY ([-x, x]),
appears in Duren [1970; p. 28]. Hallenbeck, MacGregor and Samotij [1996]
proved Theorems 10, 11, 12, 17 and 22. Equation (3.26) is known and a more
general change of variable formula is given in Cowen and MacCluer [1994; see
p- 36]. Lemma 15 was proved by Frostman [1935]. Theorem 16 was proved by
Newman and H.S. Shapiro [1962] using ideas about dual extremal problems.
Later Erdds, H.S. Shapiro and Shields [1965] gave a proof based on results
about the dimension of subspaces of {*>. Two additional arguments for Theorem
16, one of which is a direct geometric proof, have been obtained by K. Samotij.
Lemmas 18, 19 and 20 are due to Ahern [1979], who proved that if f is an inner
function and 0 < a.< 1, then f 0 B, if and only if fOD, .
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CHAPTER 4

Radial Limits

Preamble. We study the radial limits and the radial growths
of functions in £,

Suppose that 0 <a <1and fOF, Theorem 3.5 gives
fOHP for0 <p< Y. Thisimplies that f has a radial limit in
the direction ¢" for almost all 0 in [-x, 7]. The radial limit is
denoted by F(0), and F 0 L” ([~ nt]) for 0 <p < Y.

This result is improved in Theorem 4.2, where we prove

that F is weak L’* on [-m, ]. A similar result is proved for

f 0 fyo. The arguments are based on a result of Kolmogoroff,
which gives weak L' inequalities for analytic functions with
range contained in a half-plane. We include a proof of
Kolmogoroff’s result.

We discuss the nontangential limits of functions in f,. As a
basis for this, we first prove the classical result of Fatou
showing that if a bounded analytic function has a radial limit
in a particular direction, then it has a nontangential limit in
that direction. _

An integrability condition based at ¢ is shown to imply the
existence of the radial limit of f 0 f, (o> 0) in the direction e
The condition is stated in terms of the measure u representing
f and the related total variation measure of arcs on T centered
ate”.

We discuss subsets of [-r, 7] having zero a-capacity. Such
sets play the role of exceptional sets for a number of results
about f,. For example, if 0 < a <1 and f 0 £, then the
nontangential limit of f at e exists for all 6 0 [, 7] except
possibly for a set having zero a-capacity. Since sets with zero
a-capacity are in general “thinner” than sets of Lebesgue
measure zero, this improves a fact stated above. When a > 1,
the situation is different. As will be shown in Chapter 5, if
a > 1 there is a function f 0 £, for which the radial limit in
every direction fails to exist.

We study the nontangential limits of (1-e z)" f (z) where
vy>0and f 0 F, (a > 0). These results are associated with
various types of exceptional sets.
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Suppose f0 f, and 0 <o < 1. Theorem 3.5 implies that f 0 H" for
0 <p<1/a. Hence

F(0) = lim f (re'®) (4.1)

exists for almost all 8 in [-x, 7] and F 0 LP ([-x, w]) for 0 < p < %X We call

F(0) the radial limit of f in the direction ¢, and we set f () = F(0). In Chapter
5 we show that when a > 1 there exists f 0 £, such that for all 6, f (¢"*) does not

exist and in fact, E | f (re")| = oo for all 6.
r—l1-

We shall obtain weak LP inequalities for the function F in the case 0 < a < 1.
Let m(E) denote the Lebesgue measure of any measurable set E & [-xt, m]. Let
p > 0. A measurable function F defined on [-x, n] is called weak LP provided
that there is a positive constant A (depending only on F and p) such that

m({0: |F(@)| >1}) < t% 4.2)

forall t> 0. IfF 0 L? ([-x, xt]) then F is weak LP, but not conversely. Also, if F
is weak LP and q < p, then F 0 L? ([-=, n]).

We shall show that if 0 <a < 1 and f 0 £, then the function F defined by (4.1)
is weak L"®. This improves what was stated above. We note that if 0 < o < 1

and f (z) = then the boundary function F is weak L' but does not

1-2)*"
belong to L"“([—m, ]). We also obtain a result of this kind when a = 0.

Recall that P is the set of functions f analytic in D, with f (0) = 1 and
Ref(z)>0for|z|<1.

Lemma 4.1 Suppose that f 0 P. Let E be the set of 6 0 [-x, =] for which the
limitin (4.1) exists. Foreacht>0 let E,= {6 0 E: |F(6)| >t}. Then

m(E,) < 47“. (4.3)

Proof: Suppose that f 0 P. Since P & f; < HP for 0 <p <1 the limit in (4.1)
exists for almost all 6, that is, m(E) = 2n. Let t > 0 and define the function g by

f(z) -t

f(z) +t Izl < D).

9(z) =1+
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By assumption Re f (z) > 0 and hence | g(z) — 1| < 1 for |zl < 1. Letu=Re g.
Then u > 0. Since u is a bounded harmonic function, U(6) = lim u(reie)
r—l1-

exists for almost all 8, U 0 L* ([-n, n]) and u(0) = 2L I U(0) do. The
T

w —

. t
function w |— s where s =1 + . maps {w: [w| >t} ) {w: Re w > 0} onto

{s:]s=1|<1} N {s: Res>1}. Thus U(O)> 1 for 6 0 E, and hence

1 1
u(©) = Ej U(8) 40 > —— m(E,).

Also,

_ _ fO)—t| 2
u(0) =Re g(0) =Re {1 + F0) 1 t} =Tt

Therefore m(E,) < 2n u(0) = 14_nt < % fort>0.
+

Theorem 4.2 Suppose that 0 <a <1 and f O £, and let F be defined by (4.1)
for almost all 6 in [z, ]. Then F is weak L"*. Also, there is a positive constant
A depending only on a such that

1/
Al flg”
tl/(l

m({0:|F@®)|>t}) < (4.4)

fort>0.

Proof: Suppose that 0 < a <1 and f(z) = j —_—

> (1-Co)°
We may assume that f # 0 and thus [ju|| > 0. The Jordan decomposition and
(1.10) imply that

du(g) for p 0 M.

f:a]fl —azf2+ia3 f3—ia4f4 (45)

where a,>0,f,0 F;, and
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a+aytastas< 2| pll. (4.6)
There is a measurable set E & [-=, 7] such that m(E) = 2w and

F,(0) = lim f,_(re'®)
r—l-

exists for 0 0 E (n=1, 2, 3, 4). Because 0 < a < 1 it follows as in the proof of

Theorem 3.3 that f,(D) & Fy (D) where F,(z) =

. In particular this
1-2)°
implies that f,(z) # 0 for |z| < 1 and hence g, = f,"* is analytic in D. Also
04(0) = 1 and Re g,(z) > 2 > 0 for |z| < 1. Thus each function g, satisfies the
assumptions in Lemma 4.1.

Lett> 0, and let E; = {06 0 E: |F(8)| >t}. The relations (4.5) and (4.6) imply
that

B 00 E:IF,®)]> U2 i)}

Let Gy(0) = lim g, (re'®) for0 0 E. Since
r—l-

1
{00 E:|F,®)|>t/N2ul) } = {60E:[G,(0)]> [t/(x/illull)]/“ }
Lemma 4.1 implies that

An(\2 | )"

tl/OL

m({0 0 E:|F,(0)| > /N2 |ulD}) <

forn=1, 2, 3, 4. We conclude that

16m (V2 )"

m(Et) < tl/a

This proves that F is weak L"* and it also yields (4.4).

Theorem 4.3 There is a positive constant A such that if f 0 £, and f (0) = 0 then
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m({0:|F@)|>t})< A exp it 4.7)
{ﬁ Il

for t > 0, where F is defined by (4.1) for almost all 6.
Proof: Assume that f 0 £, and f (0) = 0. Then

1

1-Cz

f@=[log—=du©) (d<1)
T

for some p 0 M. We may assume f # 0 and thus [|y|| > 0. Relations (4.5) and
(4.6) hold, where

1

1-Cz

fu(2) = [ log —= du, (©)
T

is a convex univalent

and p, 0 M* forn =1, 2, 3, 4. Since Fy(z) = log 0 !

function, it follows that f,(D) & Fo(D). Also, f,(0) = Fy(0) = 0. Hence f, is
subordinate to Fy and therefore f, = Fyep, where o, is analytic in D, ¢,(0) = 0 and

forn=1,2,3,4. Then

|pu(z)| <1 for |z] < 1. Let p, = !
1- Pn

Re pu(z) > % for |z| < 1, py(0) = 1 and f,(z) = log pu(z) for |z| < 1. There is a

measurable set E < [-m, m] such that m(E) = 2x and if 6 0 E then

®,(6) = lim ¢, (re') existsand @, (0) # 1 forn=1,2,3, 4.
r—l-
Lett>0and let E,= {06 0 E: |[F(8)| > t}. As in the proof of Theorem 4.2,

t

4
E.8 U {6 0E: [F.(0)> i
= V2l
Let Py(0) = lim p,(re’®) for00Eandn=1,2,3,4. If0 0 E and
r—l-
| Fu(0) | > L for some n, then | log P,(0) | > ! . For80E,
V2 ||l V2

Re P,(0) > %2 > 0 and thus

|log Py(8) | <[log | Py(6) | |+ m/2
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for such 6. Therefore if 6 0 E and t >ty = V2 el (log 2 + gj, then

| Po(0) | > e ™ exp {ﬁ|t| ”}
u

Lemma 4.1 implies that

4me™'?

m({en E:|P,(0)] > e ™ exp [t/(ﬁ||u||)]})s n

NCT

for t > t,. Since this holds forn=1, 2, 3, 4 we conclude that

m(E,) < A exp {\6 | ”} for t > to,where A = 16me™. If 0 <t <t,, then
p

A —t, A —t
m(El)S2n:—exp{ }S—exp{ }
4 V2] 4 V2l

NP

Next we study the radial and the nontangential limits of functions in f,. For —

Therefore m(E,) < A exp { } for all t > 0. This implies (4.7).

n<O<mand 0<y<mlet S(O,y)={z 0<|z—e"| <cos %} NA (0, y), where

A(6, 7) denotes the closed angular region that has vertex ¢, includes 0, has an
opening y and is symmetric about the line through 0 and ¢*. We call

S(0, y) the Stolz angle with vertex e and opening y. A function f: D — |is said
to have a nontangential limit at ¢ provided that

lim f(z)
z—el”
zeS(0,y)

exists for every y (0 <y <m).
The next two lemmas show that for functions in certain families, the
existence of a radial limit implies the existence of a nontangential limit.
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Lemma 4.4 Suppose thatf 0 H”and lim f(re®®) exists for some 6 in [—, 7].

r—1-
Then f has a nontangential limit at ¢®.
Proof: We may assume that 6 =0. Let L= lim f(r) where f0 H”. For

r—1-
n=1,2 .. let fz) = f (w) where w = (1 ——)+ 2. Thenf, 0 H and
n n

I folle <1/l forn=1,2, ...

We claim that f, — L uniformly on compact subsets of D. On the contrary,
suppose that this is not true. Then there exist numbers r and €, a sequence of
integers {n,} and a sequence of complex numbers {z} such that 0 <r<1, >0,
ng —> oask — o, | z | <rand | fnk(Zk)—L|28 for k = 1,2,... . Since

{f,, }is locally bounded, Montel’s theorem implies that there is a subsequence

of {fnk}which converges uniformly on compact subsets of D and the limit

function g is analytic in D. The definition of f, and the fact that f has the radial

limit L implies that lim f,(z) = L for every z in (0,1). Therefore the identity
n—oo

theorem implies that g(z) = L for |z < 1. The uniform convergence of the
subsequence of {f, } to L on {z: [z| < r} contradicts the assertion that

| fo, (zy) — L2 efork=1,2,.... This proves our claim.
Let 0 <y<mand let S=S(0, y). Let

V=S {z:Y%cos (y/2)<|z—1]|<cos (y/2)}.

Then V is a compact subset of D and hence f, — L uniformly on V. Assume that
€>0. There is an integer N such that | f,(z) —L | <eforn>Nand z0 V. Then

Wwew=(0-Y)+7%,02N,20V}={w:0<|w-1] <} cos()} NS.

Let 6 = cos(%) /N. If w0 S and 0 <|w—1| < 8, then f (w) = f,(z) for some
z0Vandn>N. Thus|f(w)—L|<e. This proves that lim1 f(w)=L.
w—>

weS

Lemma 4.5 Suppose that0<oa<1,f0 F, and lim f(re'®) exists for some 0
r—l-

in [-m, 7]. Then f has a nontangential limit at .
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Proof: Suppose that 0 <a <1 andf0 F(: . Then f is subordinate to F, where

1

Fu (z) =
1-2)*

(Iz[ <1).

Hence

f(2) =Fq (¢(2) (2 <1 (4.8)

where @ is analytic in D, | ¢(z) | <1 for |z | <1 and ¢(0) = 0. Since
f (D) 8 Fy(D) and Fo(z) # 0, we have f (z) # 0. Hence (4.8) yields

o(2)=1-[f@)]". (4.9)

Because F, is analytic and univalent in D, F,(D) is convex and F,(z) is real for
all real z 0 D, it follows that

inf Re F, (z) = inf Re F, (x).

|z<1 —1<x<1

Thus Re Fy(z) > (Y2)" for |z| < 1. Assume that L = lim f (reie) exists for some
r—l-

0 in [-m, n]. Because Re Fy(z) > (%2)", the relation (4.8) implies that

Re f (z) > (4)" for |z < 1. Hence Re L > (%2)* > 0. Therefore (4.9) implies
lim o(re®) =1 - L. Let M =1-L" Since ¢ has a radial limit at ¢,
r—l-

Lemma 4.4 implies that ¢ has a nontangential limit at ¢”. Since M # 1 and F, is
continuous in D \ {1}, (4.8) shows that f also has a nontangential limit at e,
This proves the lemma when 0 <a < 1.

The case a = 0 can be treated in a similar way. If F;(z) = log IL then
-z

(4.8) is replaced by f (z) = f (0) + F, (9(z)) and (4.9) is replaced by
0(2) = 1 —exp (£ (0)) exp ( (2)). [

Let p 0 M and suppose that p is real-valued and nonnegative. As in Chapter 1,
1 associates with a real-valued function g defined on [-=, ] or on any interval
of the form [6 — &, 8 + ©t]. The function g is nondecreasing and continuous from
the right. It follows that if

1
f(Z) = P dH(C) (|Z| < 1) (410)
l (1-Z2)
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where o > 0, then f can be expressed as a Lebesgue-Stieltjes integral

0+7

f(z) = j +adg(t) (12 < 1). (4.11)
oon (1-e"z2)

In general, if a > 0 and f O £, then (4.10) holds for some p 0 M. The measure p
associates with a complex-valued function g of bounded variation on

[6 — 7, 8 + ], where g(0 — ) = 0 and (4.11) holds. We generally assume that g
is extended to (—oo, ) by letting

git+0+m=9(t+6—-m+g0+mn).

For |{] =1 and 0 <x < let I ({, x) denote the closed arc on T centered at {
and having length 2x. The function o is defined on [0, 7] by

o(x) = o(x, & w = ul (1¢ %)) (4.12)
for 0 <x <mand ©(0) = |y ({}). If p is nonnegative, 0 <x <mand { = ¢, then
o(x) = o(x, ¢; W) = p (I x)) > 20 +x) —g(0 —x) > g(O + x) — g(6).

The behavior of f 0 £, for z near ¢ depends upon the behavior of ® near 0.
One example of this is the next result about radial limits.

Theorem 4.6 Suppose that o > 0, f 0 f, and f is represented in £, by n 0 M. Let
o be defined by (4.12) where { =¢". If

OO 4 o (4.13)

a+l
0 t

then lim f(re) exists. If 0 < a < 1 then (4.13) implies that f has a

r—l-
nontangential limit at ¢,
Proof: Suppose that a > 0, f 0 £, and f is represented by p. The Jordan
decomposition theorem and (1.10) give p = p; — pp + ips — ipy where p, > 0 for

4
n=1,2,3,4and Z pn,(E) < V2 || (E) for every set E which is

n=1
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p-measurable. Each measure |, is associated with a real-valued nondecreasing
function g, on [0 — 7, ® + 7] as described above. Let w,(t) = o(t, €*; w,). If g,

does not have a (jump) discontinuity at 6 — t then

On(t) = gn(0 + 1) = gn(0 — ) = [ 9a(0 + 1) — gn(0) | + | Gn(0) — Gu(0 — 1) |.

Since g, is continuous except possibly on a countable set, this equality holds for

almost all t. Hence

[ 19.0+9-0,0] ,

| t |a+1

T

:I |gn(e+t)_gn(e)|dt+J |gn(e)_gn(e_t)|dt
tourl ta+1
0 0
-[ =fa
s t

Letg=0; — 0, +10; —igs. Then g associates with the measure p and

Y

b3 4 b3
1900 - 9O 4 | {%Z mnm} ae | 0 g
(ot — d +

a+l o
It ) t

-7

Hence the assumption (4.13) implies that

r 190+t - g(®)

e dt < 0. (4.14)
t a
From (4.11) we have
0+7 1
@)= [ ———— dlow - 9®)

o, 1—e72)

Integration by parts yields
0+ 0+7 .
f(z) = g(—en) + io J. K(e™z) [g(t) — g(0)] dt (4.15)
(1+e"z2)¢ o
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where
K(z) = ;1 (4.16)
(1-2) o+
Hence
fz) =900 4y j K V2) [g(0+1t) — ()] dt.  (4.17)
(1+e"z2)¢

bt

Therefore it suffices to show that lim F(r) exists where
r—1-

F(z) = J' K(ez) [g(0 +1t) — g(0)] dt. (4.18)

-7

2

to.

2 2
2 — Hence,

If‘/z§r<1andfnftfnthenﬂfre“|22(lfr)2+—2t >
n n

if13<r<1then | K(re ™) | < ((5)*" — 1 for0 <[ <z Because of (4.14)

\/E |t|(1+l

this shows that the integrand in (4.18) is dominated by an integrable function for
—it

“a<r<1. For0<|t|<m, lim K(re’it) = e—.. Also (4.14) implies
r—l— (1 _ e*lt)(x+1
™ —it ™ _
j —————{[g(8+1) — g(O)] dt < Mdt<w
<= e < [2sin (£/2)[*7

Therefore the Lebesgue dominated convergence theorem implies that

r—1-

lim F(r) = J' lim K(re™) [g(6+1) ~g(0)] dt

exists. This completes the proof about the radial limit when a > 0.
The same argument applies when o = 0, starting with
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0+7
f(2)=f(0)+ I log
0-m (1

dg(t).

- e_itz)

To prove the last assertion in the theorem, let f 0 £, where 0 < o< 1. Then
f=af —ayf, —ia; f; —ias f, where a, >0 and f, 0 F(: (n=1,2,3,4). By the
previous argument, (4.13) implies that lim f, (reie) exists forn=1, 2, 3 and 4.

r—1-
Since 0 < a < 1 Lemma 4.5 implies that f, has a nontangential limit at ¢ for
n=1,2,3and 4. Hence f has a nontangential limit at e

For each a, where 0 < a < 1, the function P, is defined as follows. Assume
that 0 is not an integral multiple of 2. If 0 <a <1 let

)= — (4.19)
Isin (0/2)[*
and if a =0 let
P, (6) = log — (4.20)
0 & sin (0/2)] '

T
Note that P, (6) > 0 and J- P,(0) d0 < o for every a. Let E be a nonempty
-7
Borel subset of [-rt, ®]. The set E is said to have positive a-capacity provided
that there exists a probability measure p supported on E such that

sup I P, (6—1t) du(t) < . 421)
e -7

If there is no such measure for which (4.21) holds, then E is said to have zero
a-capacity. Intuitively, E has positive a-capacity if E has sufficient “thickness”
so that a measure can be distributed over E in such a way as to “cancel” the
singularities generated by P,. We use the notations C,(E) > 0 to mean that E has
positive a-capacity and Cy(E) = 0 to mean that E has zero a-capacity. There is a
more general meaning for Cy(E), the a-capacity of a Borel set E, but it is not
used here.
The basic properties of zero a-capacity are given in the next proposition.
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Proposition 4.7 Let E and F be Borel subsets of [-n, ] and let 0 <a < 1 and
0<p<l.

(a) IfE & F and C,(F) = 0, then C(E) = 0.

(b) If C(E)=0and > a, then Cg(E) = 0.

(c) 1f C«(E) =0 and Cy(F) =0, then C,(E U F) = 0.

(d) If E is a finite set or a countably infinite set, then C,(E) = 0 for all a.

(e) If Cy(E) =0 for some a, then the Lebesgue measure of E is zero.

Proof:  Suppose that C(E) > 0 and E & F. Then there is a probability
measure p supported on E such that (4.21) holds. Since E 6 F, p induces a

probability measure v on F defined by v(B) = (B (1 E) for each Borel set
B8 F. Then

[ Pu@-0 do= P01 ducy
F E
for all 6. Hence
sup I P, (0 —t) du(t) = sup J- P, (68 —t) du(t) = sup J- P, (0 —t) du(t) <
0 % o o =

and thus C,(F) > 0. This proves (a).
Suppose that 0 < < 1 and Cg(E) > 0. Then there is a probability measure p

supported on E such that sup I Pg(8—1t) du(t) < oo. Suppose that 0 < a <p.
)
E

Then P,(0) < Py(0). Therefore sup I P, (6 —1t) du(t) < oo and hence C,(E) > 0.
0
E

This proves (b) when 0 < o < p < 1. The inequality y* > 1 + p log y holds for
y>1and 0 <B <1. Hence Py6) < % Pg(0) . This implies that if Cy(E) > 0 for

some B (0 <B < 1) then Co(E) > 0.
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Let G = EUF and suppose that C,(G) > 0. Then there is a probability

measure p supported on G such that sup j P, (0—t) du(t) <. Since
)
G

| = J' du(t) sJ' du(t) +J' du(t), we may assume that j du(t) = % > 0.
G E F E

Let v be the measure defined by v(H) = p (E () H) for each Borel set H and let
A = (1/b)v where b = j du(t). Then A is a probability measure supported on E
E

and
j P (0—1) dA(t) = ~ j P, (- t) du(t)
b
E E
< zj P, (0 t) du(t)
E
<2 j P, (0 1t) du(t).
G

Therefore sup '[ P, (68 —t) dA(t) < o and hence C,(E) > 0. This proves (c).
)
E

Clearly C,(E) = 0 when E consists of a single point. Hence (c) implies that
Cy(E) = 0 for any finite set E. Suppose that E is countably infinite and let

E = U {t,} wheret,#t, forn#m. Let ube a probability measure supported
n=l

on E. Then there exists k such that pu({t,}) > 0. Therefore

[P0 du) = D 7P, (0-t,) nita}) 2 Pu(O- 1) nlit)).

E n=1
Since p({tc}) >0 and elim P, (6—t,) = o, this implies that

— 1y
sup j P, (0 t) dp(t) = oo.
)
E

Hence Cy(E) = 0. This proves (d).
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Finally suppose that m(E) > 0. Let g denote the characteristic function of E

and let p be defined by du(t) = % g(t) dt. Then p is a probability measure
m

supported on E. Using the periodicity of P, we obtain
j P, (0—t) du(t) = —— j P, (0—t) dt
E

<

—re _j P, (0-1) dt

1 T[
:Eipa(t) dt < .

Therefore C(E) > 0, and this proves (e).

Suppose that Q(0) is a proposition for each 0 in [-m, 7]. We say that Q(0)
holds a quasi-everywhere provided that there is a Borel set E 6 [, ©t] such that
Cy([-m, 7] ( E) = 0 and Q(0) holds for all 6 0 E.

The function g described in the next lemma is defined on [-m, ©]. As usual
we assume that g is extended to (—oo, o) by letting g(t + 7) = g(t — m) + g(n) for
all real t.

Lemma 4.8 Let g be a real-valued nondecreasing function on [-x, «] and let
0<oa<1. Then

[ 90+D-0g0-0 4 (4.22)

(x+1

a quasi-everywhere.
Proof: For-n<0<mlet

I,(0) = j P, (0 t) dg(t). (4.23)

Let E = {0: I,(0) = «}. Then E is a Borel subset of [-w, n]. We claim that
Cy(E) = 0. On the contrary, suppose that C,(E) > 0. Then there is a probability
measure | supported on E such that (4.21) holds. Hence Fubini’s theorem yields
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—n—T7

[12(6) du) - ﬁm(e—o dg(t) du()
E

= j { P, (6-t) du(e)} dg(t)

bt G 1

- j { P, (t—0) du(e)} dg(t)

T\ -7

< P (t-06) du(o d 0.
<{Sltlp_jn L (t—0) du( )}j 9(0) <

-7

Since p is supported on E and [,(8) =« for all 8 0 E, J.Ia (6) du(B) = 0. This
E

contradicts the previous inequality. Hence C,(E) = 0.
Let F =[-n, n] (E. Suppose that 6 0 F. Then [,(0) <o and

J.Pa(t) dg(®+1) = J.Pa(e—t) dg(t) < .

-7 -7
Let € > 0. The last inequality implies that there is a positive real number 6 such

25
that J.Pa (t) dg(0+1t) < &. The monotonicity of P, and of g implies that

-28

28 28

J.Pa(t) dg(0+1t) = P, (25) J' dg(e+1)
28 -28

> P, (29) [9(0+3) - g(0-3)]

= P, (28) h(8,5)

where, in general, h(6,t) = g(6 + t) — g(0 — t). We have shown that
h(6, 3) <& > P,(28). Because of the local behavior of P, near 0 and because
g(6 +3) — g(0) <g(6 + 8) — g(8 — 5), we conclude that

© 2006 by Taylor & Francis Group, LLC



Radial Limits 83

Jim 300 =0®) _ (4.24)

t—0 |t|°~

Integration by parts yields
[P.(®) dg(0+) = g0+ m) P, (1) — g(O+8)P, (8) — [9(0+ 1P, (1) e
3 3

and

-5 -3
[Pa(®) dg(@+1) = g(0-3)P, (-5) ~ 9O -1 P, (-m) ~ [g(8+ 1P, (1) dt.

-7 -7

T )
Hence jPa (t) dg(0 +t) = J‘Pa(t) dg(0+1t) +[9(8+ 1) —g(0—m)] P, (m)

- -3

+[9(0-8) —g(6+8)] P, (8) - I[9(9+t) —9(6 -] Py (1) dt.
é

U
Because J.Pa (t) dg(0+1t) < oo, (4.24) implies that we may let 6 — 0 in the
—T

previous equality. Therefore

lim J' h(0, t) [-P!,(t)] dt < oo. (4.25)
3—0+
3
If o> 0 then — P/, (t) = = M for t >0, and —P{(t) =Y cot (t/2) for
2 [sin(t/2)]**
t>0. Thus (4.25) yields
lim j h®.Y 4 < o (4.26)
50+ 4 ol

for 0 <a < 1. Since h(6, t) / t*' >0, (4.26) implies (4.22).
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We have shown that if 6 0 F then (4.22) holds. Also E =[-xn, n] ( F and C(E)
=0.

As noted in Chapter 3, if f 0 £, for some o where 0 < o< 1, then f belongs to
HP for suitable values of p. Consequently f has a nontangential limit at ¢ for
almost all 0 in [-m, m]. The next theorem gives an improvement of this result
when 0 < o < 1. Exceptional sets having measure zero are replaced by
exceptional sets having a-capacity zero.

Theorem 4.9 Suppose that 0 <a <1 andf0 f,. Then f has a nontangential
limit at e a quasi-everywhere for 0 0 [, =].

Proof:  Suppose that 0 < a < 1 and f 0 f,. There exist nonnegative real
numbers a, and measures p, 0 M* forn =1, 2, 3, 4 such that

f:a]fl —a2f2+ia3f3—ia4f4

where

1
fa(2) = | ——=— du, (© (I < D). (4.27)
'!‘ (1-Cz)

Let g, denote the real-valued nondecreasing function on [-m, n] which we have
associated with p,. Then

T

= [——trdg,® (A<D @)
(1 —e 1tz)a

-

By Lemma 4.8, for each n there is a Borel set F,, & [-x, ] such that

dt < oo (4.29)

tOH—l

Tgn(e+t>—gn<9—t)
0

for all 8 0 F, and Cy(E,) = 0 where E, = [-m, ] ( F,. Since g, is nondecreasing,
(4.29) implies that

F19,00+1) —g,(0-1)

|t|a+l

dt < oo. (4.30)

—-T
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a

®, ()

As shown in the proof of Theorem 4.6, )
t

dt equals the integral in (4.30).
0

Hence Theorem 4.6 implies that lim fn(reie) exists. Because of Lemma 4.5
r—l1-
this shows that f, has a nontangential limit at ¢’ for all 6 0 F,,.

and since

ne

4 4
Let F= F, andletE=[-x, 7] (F. Then E= U E
n=l

n=l
Cy(Ey) =0forn=1, 2, 3, 4, Proposition 4.7 (part c) implies that C, (E) =0. If
0 0 F then f, has a nontangential limit at ¢ forn=1,2, 3, 4. Therefore f has a
nontangential limit at ¢ for every 6 0 F. This proves the theorem when
0 <o <1. The argument in the case o = 0 is the same. [|
Next we examine the radial and nontangential growth of functions in f,. We
find that certain growths can be associated with certain exceptional sets. If o> 0

f
and f O £, then | f(z)| < L":“aandhenceﬁ(z)\: O[ ! a} where
1 D (I-r)

|zl =r1. Iff(2)= —, then this maximal growth occurs only in the

(1-z
direction 0 = 0. The next result shows that, in general, this maximal growth is
permissible for at most a countable set of radial directions.

Theorem 4.10 If a >0 and f 0 f, then (1 — ¢ °2)* f (z) has the nontangential
limit zero at ¢ for all 0 in [-x, ] except possibly for a finite or countably
infinite set. Conversely, let a > 0 and let E be a finite or countably infinite
subset of [-m, 7]. Then there is a function f 0 £, such that (1 — e ’2)* f (z) has a
nontangential limit for all 6, and this limit is zero if and only if 6 [ E.

Proof: Suppose that o > 0, f 0 £, and f is nonconstant. Then

1
f@)=[—=—du© (<D
!O—C@“

for some p O M. Let 0 <y <mand let S =S(0, y). There is a positive constant A
such that | z — €| < A(1 = | z|) for z 0 S. Hence, if z 0 S and [¢| = 1, then

1-— —-i0_\o }
% < A%, Also, if [ =1 and { # ¢" then
— Z
1— —i0 a . 1— _i0 o
lim L R 0,and if (= ¢ then L 1. Hence
‘z?e‘l" 1-Cz 1-Cz
z| <
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im, [ (=<7 2)| = 1 | {lf_zj aw@ = uf 1%} ),

z—e
zeS zeS T

because the integrand is bounded. Since p is a (finite) Borel measure and p # 0
there is a set E & [-mt, m] which is finite or countably infinite such that
u({e®})=01if 0 [ E. This proves the first part of the theorem.

Conversely, let E be a finite or countably infinite set and let E = {6, : n 0 N}
where N is a set of positive integers and 0, # 0, for n # m. Define a sequence
{A} (n 0 N) such that A,, # 0 and Z| A, | < oo. Letp be the measure on T that

neN

is supported on {¢”: 0 0 E} and has mass A, at ¢'” for eachn O N. Let
1
f(z) = J'?
r(

0 du(g) for |z| < 1. The argument given above implies that
—QZz

lim (1- ez f(z) = p({eie" } ): A, #0 for every n 0 N and for every
z—e "
zeS

6

Stolz angle S with vertex ¢'™ . Also, if & [ E and S is a Stolz angle with vertex

¢ then

lim (1-e7°2)% f(z) = p{e®} )= 0.
z—e?
zeS

Next we show that the maximal growth for a function in £, is reduced by 1
when o > 1 and when the exceptional sets have Lebesgue measure zero.

Theorem 4.11 If a> 1 and f 0 f, then the nontangential limit of

(1-¢2)*'f () at e exists and equals zero for almost all 0 in [, 7].
Theorem 4.11 is a consequence of Theorem 4.12 stated below and the fact

that each function of bounded variation on [-m, =] is differentiable almost

everywhere on [, 7].

Theorem 4.12  Suppose that g is a complex-valued function of bounded
variation on [-x, w] and g is differentiable at some 6 where -t <06 <x. Let the
function f be defined by

i

1
f(z) = jmdg(t) (12 < 1). (431)
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If o> 1 then (1 — e °2)* 'f (z) has the nontangential limit 0 at ¢®.

0+m
Proof: Since I ; dt = 2w, (4.31) and periodicity give
o (1 _ e—ltz)(l
0+ 1
f@) = [ ——=— dlo® - 90) ~(t-0)g'©®)] + 22 g'(®)
o, (1-e72)
T 1 : :
= J‘m d[g®+1) - g(6) —1g'(®)] + 279'(6).

-
An integration by parts yields

9(0+m) —2ng’(6) — g6 -m)

f(z) =2ng'(0) +

(1 —e¥z)*
. (4.32)
+ia | K (ze=®* ) [g(0+ t) - g(0) - tg(0)] dt
where K(z) = ;1
(1 _ Z)(l+
Suppose that 0 <y <mand let S =S(6, y). Then (4.32) implies that
¢ lg@+1t) - g(0) —tg'(®
[T <A +a I 96+ - 9®) M?( LI (4.33)

—T

‘ | —ei@+D),,

for z 0 S where A is a positive constant. Since g is differentiable at 6,
g(0+1t) =g(0) + tg'(0) + th(t)

where lim h(t) = 0. Suppose that € > 0. There exists a real number & such that
t—0

0<d<1land]|h(t)|<efor|t|<3d. There are positive constants B and C such

that if z=re 0 S for suitable ¢ then | z— ¢ | <B (1 —| 2| ) and

|@—0]<C(1-]z][). Hence there exists a real number n with 0 <m < %: and

such that if z0 S and | z— e | <1 then 2C(1 —| z|) <.
For-n<t<mand|z|<1 let
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|9(6+1) - g(8) - tg'(8)|

. o+l
‘ 1 —ei(®+0),

G(t,z) =

Then (4.33) yields

5
[f@|<A+a ZJn (4.34)
n=l
where
I, = jG(t,z)dt
In

and I, =[-n, =8], I, =[-9, -2C(1-|z|)], 15 =[-2C(1-|z]), 2C(1-|z|)],
I, = [2C(1-|z]), 8] and Is = [3, ].

There are positive constants D and E such that J; <D and Js <E forz 0 S.
Suppose that z 0 S and z = re'® for suitable ¢ where 0 <r < 1. Thenn < %

2
it 2 Hence

implies that r > % and hence ‘1 —re

o+l —2C(1-1)
1, S£LJ S —
2= (e-0)*

> (1-1)? +%t
T

|t
[t=(0-0)]
follows that Q(t) <2. Hence

If we let Q(t) = where -8 <t <-2C(1-r) and | -0 | < C(1-1), it

josl 200D )

<———¢ —dt
2 2(&*1)/2 s |t_((p_e)|a

Since |@p—0| < C(1-1) this yields
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a+l 3

b 1
J, £ ———¢ J. —ds
(a—-1)/2 _ o
2 i[5+ (©@=0)]

a+l

T € —
< PCEE ] 2c-1) +(0-0))™

noﬁ—l e 1

< .
2((1—1)/2 a_l {C(l_r)}&—l

A similar argument yields the same inequality for J4. Also

2C(1-
I < 0 €|t| dt — 4C%¢
3= o+l - o-1
(1-1) (1-1)

-2C(1-1)
Since | z— ¢ | < B (1 — 1), the estimates on J, and (4.34) imply that
|1-e 2% f(2)| < FA-1)*" + Ge
forz0 S and | z— e | <1 where F and G are positive constants. Therefore

lim ((1 e 2% f2)=o.

zeS

Theorem 4.12 is sharp, at least when 1 < a < 2, in the following sense.
Suppose that 1 <a <2 and ¢ is a positive nonincreasing function on (0, 1) such

that lim &(r) = 0. Then there is a function g of bounded variation on [, 7]
r—l1-

which is differentiable at 0 such that if f is the function defined by (4.31) then

T L f@[a-n""
r—l- s(r)
MacGregor [1993c¢], which also includes the development of Theorem 4.13 and
Lemmas 4.14 and 4.15.

The next theorem concerns functions in £, with radial growth between the
two growths discussed in Theorems 4.10 and 4.11. Now the exceptional sets are
described in terms of capacity.

oo. A reference for this result is in Hallenbeck and
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Theorem 4.13 Suppose thata>0andfOf,. If0<B<1andp <athen

(1-e°2)*P £ (z) has the nontangential limit zero at ¢’ B quasi-everywhere.
Theorem 4.13 is a consequence of the following lemmas.

Y

Lemma4.14 Leta>O0andfor|z|<1let f(z) = J;
- e 'z)*

the function g is of bounded variation on [-n, =]. Suppose that B > 0 and
suppose that for some 6 in [, ]

dg(t) where

19 —-9(®) [=0([t—6)
ast— 0. If p<a, then (1 —e ’2)*? f (2) has the nontangential limit zero at ¢®.

Lemma 4.15 Suppose that g is a real-valued nondecreasing function on
[-m, m]. If 0 <B <1, then the relation

|9(t)-9(0) |=o(t-0)ast—0

holds B quasi-everywhere in .

NOTES

In Koosis [1980; see p. 129] Lemma 1 is given as part of an argument to
prove a theorem about harmonic conjugates due to Kolmogorov. Theorems 2
and 3 are in MacGregor [2004]. Lemma 4 is a classical result of Fatou [1906].
Lemma 5 and Theorems 6 and 9 were proved by Hallenbeck and MacGregor
[1993b]. References about o-capacity are Hayman and Kennedy [1976],
Landkof [1972] and Tsuji [1959]. Lemma 8 was proved by Twomey [1988].
When o = 0, a result stronger than Theorem 9 was proved by Hallenbeck and
Samotij [1993]; namely, if f 0 £, then there is a set ®  [-=n, ®] such that the
radial variation of f in the direction ¢" is finite for every 6 0 [-x, ©]\® and the
logarithmic capacity of @ is zero. Theorem 10 is in Hallenbeck and MacGregor
[1993a]. Theorems 11, 12 and 13 and Lemmas 14 and 15 were proved by
Hallenbeck and MacGregor [1993c]. MacGregor [1995] gives a survey of
results about radial limits of fractional Cauchy transforms.

We have focused our discussion on nontangential limits of functions in f,.
Hallenbeck [1997] studies tangential limits and includes a proof that if f 0 £,
and 0 < o < 1 then f has a limit under a certain tangential approach to ¢,
depending on a, for almost all 0.
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CHAPTER 5

Zeros

Preamble. We study the problem of describing the zeros of
functions in f,.

If f 0 £, for some a with 0 < a < 1, then f belongs to certain
Hardy spaces. Hence, if f# 0 then the zeros {z,} of f satisfy
the Blaschke condition Z:(l—|zn |) < oo, Conversely, if a

n

sequence {z,} in D satisfies the Blaschke condition, then the
Blaschke product with those zeros is well defined and belongs
to H”, and hence to F,. Therefore the Blaschke condition
characterizes the zeros of functions f 0 £, with f # 0. This
condition also characterizes the zeros of f 0 £, for each o >0,
if the zeros lie in some Stolz angle or in a finite union of Stolz
angles. This is the content of Corollary 5.3 and Theorem 5.4.

In general, the Blaschke condition does not characterize the
zeros of functions f # 0 in £, when a = 1. Little is known
when 0 < a < 1. The case a > 1 is well understood. Theorem
5.1 shows thatifa>1, f0f, and f# 0, then the moduli of the
zeros of f satisfy a certain concrete condition. This condition
is less restrictive than the Blaschke condition. A later result
shows that this condition is sharp in a strong way. The
argument relies on the construction of a suitable lacunary
series. As a consequence, the result in Theorem 3.8 about the
growth of the integral means of a function f 0 £, (a0 > 1) is
shown to be sharp. This yields the further result that if o > 1

then there is a function f 0 £, such that @ | f(re®)| = o
r—l-

for every 0 in [, 7).
Chapter 8 includes results about the factorization of
functions in £, in terms of their zeros.

We consider the problem of describing the zeros of functions in f,. If N is a

N
positive integer and z, 0 D forn=1, 2, ..., N then the polynomial 1'[1 (z-z,)

91
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is analytic in D and hence belongs to f, for all & > 0. Thus any finite sequence
is a permissible zero sequence for each family .

Let {z,} (n=1, 2, ...) be an infinite sequence in D with z, # 0 for all n. We
seek a nonconstant analytic function vanishing at each number in the sequence
{z,}, with multiplicity given by how often that number occurs in sequence.
Thus we assume that {z,} has no point of accumulation in D. Also we assume
that {|z,|} is nondecreasing. Finally we assume that the power series expansion
forfatz=01is

f(z)=bz" + - (zZl<1) (5.1
where b # 0 and m is a nonnegative integer.
We describe one general approach for obtaining information about the zeros

of a function. Suppose that the function fis analytic in Dand f#0. Then
log | f| is subharmonic in D and the function L defined by

L(r) = % Ilog | f(re'®)| do 0<r<1) (5.2)

is nondecreasing on (0, 1). If f has the expansion (5.1), 0 <r < 1 and the zeros of
fin {z: 0<|z| <r}, with due count of multiplicities, are given by
{z,: n=1,2, ..., p}, then Jensen’s formula gives

T

n . p
L jlog| f(rele)|d92210g + log |b| + mlogr. (5.3)
21 ? ~ |

|2,

It is a consequence of (5.3) that L is bounded above if and only if
D=z, ) <. (5.4)
n=l

Since log x < lxp for p> 0 and x > 0, the previous remarks imply that if
p

f 0 H” for some p > 0 then (5.4) follows. More generally, (5.4) holds for the
zeros of a function in the Nevanlinna class N. A function f belongs to N
provided that f is analytic in D and
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i

sup |log* | f(re®)|do < o0 (5.5)

O<r<1
-7

where

T logx if x2>1
0 if 0 <x<1.

Since log x < log'x for x > 0 it follows that if f 0 N then L is bounded above and
this yields (5.4).

Suppose that f# 0 and the zeros of fin {z: 0 <|z] < 1} are given by
{z,} m=1,2,...). Further assume that f0 f, for some 0, 0 <a<1. Then
f 0 HP for suitable p and therefore (5.4) follows. The condition (5.4)
characterizes the zero sequences of nonconstant functions in £,. This follows
from the fact that (5.4) implies that the Blaschke product B with zeros {z,} is
well-defined and bounded in D. Hence B O f,.

The following theorem gives information about the zeros of functions in £,
when o > 1. Note that if 0 <|z,| < 1 and |z,| — 1, then (5.4) is equivalent to the

00

convergence of I1
k=1 |z

k

Hence (5.4) implies that the condition (5.6) in the

next theorem holds for every a > 1. In general (5.6) is less restrictive than (5.4).

Theorem 5.1 Suppose that o.> 1, f0 f, and f#0. Let the zeros of f in
{z: 0 <|z| < 1} be given by {z,} (n=1, 2, ...), with due count of multiplicities,
and assume that {|z,|} is nondecreasing. Then

. nooq
lim =
n—sw %1 k=1 |z} |

0. (5.6)

Proof: ForO0<r<1 let

er) = (1-1)*" My(r, f) = (1-1)*" exp {ZL Jlog | f(re'®)]| de}
i
Then the function L defined by (5.2) is given by

g(r)
L(r) = log {(I—T} . (5.7
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For 0 <r <1 let n(r) denote the number of terms from the sequence {z} which
belong to {z: |z| <r}. Suppose that n is a positive integer and n <n(r). Then

|zo) <rfork=n+1,n+2, ..., n(r) and hence
n( oy noopo onm oy noor
I1 =11 I1 I1
k=l [zy | k=l |z [ kentl |z | kel |z |

Next suppose that n is a positive integer and n > n(r). Then |z > r for
k=n(r) + 1,n(r) + 2, ..., n and hence

n n(r) n n(r)
I ro_ r r < r '
k=l |zy | k=l |zy | ket [z [ k=l [z |
Therefore
n r n(r) r
I1 < IT (5.8)
k=l [z | k=1 |z |
forn=1,2, ....

Suppose that f has the form (5.1). If we use (5.3) with p =n(r) and (5.7), we
obtain

n(r)
n—- - &(r) . (5.9)
k=l [z, | |b|rt™(1-1)*"
Thus (5.8) yields
n
n-— < e(r) 1 (5.10)
k=l |z | |b|t™ (1-1)*"
forO<r<landn=1,2,.... Foreachnset r = in (5.10). This shows
n+
that
n
! - 11 ! <9, (5.11)
(n+1D)% k=l |z, |
where
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m+n
el )/ ) e
n+1 n+1

forn=1, 2, .... Corollary 3.9 yields lir}’l g(r) = 0 and hence lim &, = 0.
r—1-

n—o

Therefore (5.11) implies (5.6). [J

Later we show that when o > 1 the condition (5.6) gives precise information
about the sequence of zeros of nonconstant functions in f,. The problem of
characterizing the zeros of functions in f, when 0 < a < 1 is unresolved. In
Theorem 2.16 we showed that if

y 1=z, )" <o (5.12)
=1

n
and 0 < a < 1, then the Blaschke product with zeros {z,} belongs to f,. Also it is

known that if 0 <o <1,0<r,<1forn=1,2, ... and Z(l - rn)“ = oo, then
n=l

there are numbers 8, in [, ] such that if z, = rneie" , fOf,and f(z,) =0 for
n=1,2,...,then f=0 (see Nagel, Rudin and J.H. Shapiro [1982]; p. 359). In
particular, the condition (5.4) does not characterize zero sequences of
nonconstant functions in f, when 0 <o < 1.

We next consider the situation where the zeros of a function in £, belong to
some Stolz angle in D. We find that in this case, (5.4) gives a complete
description of the zeros of a nonconstant function in £, for all a > 0. This is a
consequence of more general results given below.

Theorem 5.2 Suppose that the function f is analytic in D, f# 0 and there are
real constants A and f3 such that A>0,0<p < ' and

[fz) <A exp{ (5.13)

e
1-1zp®

for |z] < 1. Let {z,} (n=1, 2, ...) denote the zeros of f listed according to
multiplicities. If there is a Stolz angle S withz, 0 Sforn=1, 2, ..., then

0

1=z, ) <o (5.14)
=1

n
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Proof: We may assume that the Stolz angle S has vertex 1. There is a
positive constant B such that

[1-z<B(-|z|) (5.15)
for z 0 S. Inequality (5.13) implies that there is a positive constant C such that

C

log" | f(z)] € ————
(1—|z]P

(5.16)

for|z| < 1. LetQ={z:|z—%|<'%}. Letz0 Q and set z= Y + re"’ where

—n<0<mand 0 <r<%. Thenl—\z|2z‘/z(1—cos 0) for |6] < 2m/3. Hence, if
2 2 2

0 < 49 . Since lim 0

I-|z|] 1-cos6 60 1—cosO

that there is a positive constant D such that

0 < |0] < 2x/3 then exists, this shows

<D (5.17)

forz="%+re where 0 <r<'% and -n<0<m.

Let the function g be defined by g(w) = f (z) where z = It w and | w| < 1.

Set w = pe'’ where 0 < p < 1 and —t < 0 < 7. Then (5.16) and (5.17) yield

log*

: E
9(pe™)| = log"|f () < e

U3
where E = CDP. Since 0 < B < ¥ the integral j 9% do is finite, and hence

there is a positive constant F such that

T
L jlog+ g(peie)‘ 40 <F
21 2

for 0 <p < 1. Therefore g 0 N.
Since z, 0 S and z, — 1 there is an integer J such that z, 0 Q forn>J. Let w,
=2z,—1forn=1,2,.... Then |w,| <1 forn>J. Because g 0 N and
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g(w,) = 0 we conclude that

Z(l—|wn ) < . (5.18)

n=J

Suppose that z0 S 1 Q and let w =2z — 1. If z is sufficiently close to 1, then
w 0 S and (5.15) yields

21—z <21 =7 =[1 -w[<B( — [w)).
Hence there is an integer K such that K > J and a positive constant G such that
1=l <G (1 - i) (5.19)

for n > K. Inequalities (5.18) and (5.19) imply (5.14). [J

The argument given for Theorem 5.2 can be used to show that (5.14) holds
more generally under the assumption (5.13) where 0 < < 1. This depends on
replacing Q by a domain ® — D which has a lower order of contact with oD at
1, and replacing w = 2z — 1 by a conformal mapping of ® onto D. In the
definitive result of this type, (5.13) is replaced by | f (2) | < exp [M(1)] for |z] <T,

1/2
where M(r) > 0, hm M(r) = o0 and J. { (r )} dr < o (see Hayman and
Korenblum [1980]).

Corollary 53  Supposethatf0 f, for some a >0, f# 0 and f (z,) =0 for
=1,2,...(Jz <1). If there is a Stolz angle S such that z, 0 S for all n, then

0

D (=12, |
n=1
Proof: As noted earlier, the condition Z(l -z, |) < oo holds when
n=1
0 < a < 1 whether or not the zeros lie in a Stolz angle. For the general case,

recall that if f 0 £, where o > 0 then |f(z)| < ﬁ for |z| < 1, where B is a
—|Z

positive constant. This inequality implies that (5.13) holds for every p > 0. An

application of Theorem 5.2 for some B with 0 < f§ < ' yields the corollary. []
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Theorem 5.4 Suppose that m is a nonnegative integer and {z,} (n=1,2, ...) is
a sequence of complex numbers with 0 <|z,| < 1. Further assume that there is a

Stolz angle S with z, 0 S(n =1, 2, ...) and Z < oo. Then there

exists a function f belonging to £, forall a >0 such that f has a zero of order m
at zero and the remaining zeros of f are given by {z,}.

Proof: We may assume that the Stolz angle S has vertex 1. There is a
positive constant A such that |1 —z| <A (1 —|z|]) forz0 S. Hence

1=z <A (1~ [z)). (5.20)
forn=1,2,.... Let
® 1z Z. —Z
g =n Zal B2 g o
z, 1-2z,z
Then
g(z)—Zg (9 1Za) 12a 1 (521)
z, (1-z, z) .
where

9a(2) = I1

k#en 7, 1 -7 z

Since | gn(z)| < 1 this yields
1-|z, 2
|g (Z)| Z|1 | ||2 :

1-—
Inequality (5.20) implies that 3 < A +1 for |z| < 1. Therefore

9] < 2(A“) Z(—|n|)—| o
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where B is a positive constant.

Let h(z) = (1 — z)* g(2) for |z] < 1. Then h'(z) = (1 —2)* g'(z) = 2 (1 — 2) 9(2)
and hence |h'(z)] < B + 4 for |z| < 1. Let f (z) = z" h(z) for |z| < 1. Then f is
analytic in D and f has the required zeros. Also | f'(z)| < |h'(z)| + m |h(z)| for
|z| < 1. Since h’ is bounded, it follows that h is bounded and therefore f ' is
bounded. Hence f' 0 f; and then f 0 £y by Theorem 2.8. Theorem 2.10 yields
fOF,forallo>0. [

The next theorem provides a construction of a suitable function in £, for
a>1.

Theorem 5.5  Suppose that o > 1 and ¢ is a positive function defined on (0,1)
such that lim &(r) = 0. Then there is a function f in £, such that

r—l1-
_ _ ol
fim J9=D i [f(2)f = . (5.22)
r—=>1- g(r) |z|=r
Furthermore,
_ ol
Tim {& M, (r, f)} — (5.23)
r—l- g(r)
for every p >0, and
— |a-n)*"!
lim ————— M, (r, f); = . (5.24)
rol- g(r)

Proof: Since My(r, f ) > min |f(z)| for 0 <r <1 and p > 0, it follows that

|z|=r
(5.22) implies (5.23) and (5.24). Hence it suffices to prove (5.22).
Suppose that a > 1 and the function € obeys the hypotheses of the theorem.
To prove (5.22) it suffices to show that there is a function f in £, with the

following property: there is a positive constant A and a sequence
{n} (k=1,2,..)suchthat0<r, <1fork=1,2,...,r, — 1 ask — oo and

(1 —1)*"! ‘ f(rkeie)‘ > A e(r,) (5.25)
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for all 0 in [, n] and for all large k. This follows by first obtaining f such that

(5.25) holds with € replaced by Ve , which then yields (5.22).
Let {&} (k=1, 2, ...) be an increasing sequence of integers with A; > 2 and

M 2 (k1) (5.26)
and
ell- = < L (5.27)
M) k2
fork=1, 2, .... Such a sequence can be defined inductively using a > 1 and the

assumption lim g(r) = 0. Since a > 1, (5.26) gives
r—1-

7\‘k-¢—101_1 >0 a-1
k+1)°

Forn=1,2, ...,k we have Xk‘H > kn(H > kn(H n?, and therefore

a—1 a-1
M > a2 (5.28)
(k+1)° n’

forn=1,2,...,kand foreveryk=1,2, ....
Let the functions g and f be defined by

<!
9(z) = Z—z zM (5.29)
n=1 11
and
0 )y a—1 N
f(z) = 0 z% (5.30)
I

n=l

for |z| < 1. Clearly g and f are analytic in D and g is bounded. Hence g 0 f;.
Previous arguments about the asymptotic expansion for A,(a) and the fact that
gOF, yieldfOF, Fork=1,2,... let
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o =1- 7% (5.31)
k

Let the functions Py, Q and Ry be defined by

k-1 a—l1
P (2) = Y —— 2", (5.32)
n=1 n
}\‘OL—I
Qu(z) = =5z, (5.33)
k
and
0 Y a—1
R, (2) = Z n_ (5.34)
n=k+l1 n
for |z < 1. Then
f:Pk+Qk+Rk- (535)

Suppose that k > 3. Then (5.32) and (5.28) imply that for -t < 6 <7 we have

0 k-2 N a-1 }"k la—l
P, (r,e")| < L+
Puine™f < 2, n? o (k-1)°

1
k-2 -1 a-1
}“k 1 A k-1

“k-1)° (k-1

Thus
‘Pk (rkeie)‘ < (3:; ™! (5.36)
fork>3and -n<0<m Also
o _ M
‘Qk (e’ )‘ = lk(z ot (5.37)
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fork>1and-n<60<m.

. Pk (rkeie)
For each k > 3 define the function Uy by U(0) = (—ie)
K T €

where

~n<0<n. Then (5.36)and (5.37) yield

a—1
2k® - 3k? [y, 1
Uk (O] < ; ;
(k1) A n

for -t < 0 <mand k > 3. The relation (5.31) yields rk}‘k — 1/e. Also (5.26)

A
implies that —&!

— 0. Therefore the previous inequality shows that U, — 0
k

uniformly on [-m, w]. Hence
i 1 i
Pu(re®)] < [Quire®) (5.38)

for -t < 0 < m and for all large k.

Let B = a—1. Then (5.26) implies that A, > 2B A for all large k, and thus
B/(1-1) = B Ak < M+1. Hence B/(1-1y) < Ay for n > k+1 and for all large k. For a
fixed r (0 <r < 1), the function x |— x" r* defined for x > 0 has its maximum at

B p

+ O(1) asr — 1-. Therefore
logr 1-r

1 o
PR NI SR N

for n > k + 1 when k is sufficiently large. This inequality and (5.34) yield

0 by a-1 N
i0 n
‘Rk(rke )‘5 z ;> I’

n=k+1 1

a-l1 Ast
Sk e
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Hence (5.26) and (5.37) give

- 4(a-1)/3 [P
|Rk(rkele)|s L P R I (5.39)
|Qk(rkele)| rkkk A A

for - < 0 < 7 and for all large k. Since r,"* — 1 andn’y" > 0asn— o
€

R
where y > 0 and 0 <y < 1, (5.39) implies that Q—k — 0 uniformly on [-=, 7.
k
Hence

Retrie®)| < Qe (5.40)

for -t < 0 < 1 and for all large k.
The relations (5.35), (5.38) and (5.40) yield ‘f (r e )‘ > % ‘Qk(rkeie)‘ for

—n <0 < and for all large k. Hence

A
) xocfl 1 k
fre)|>=%—|1-—
‘ (ree )‘ K2 ( 7\1(]

)\‘ o-—1
k
6k?

which yields ‘f(rkeie)‘ > for -t < 0 < m and for all large k. Relation

(5.27) gives

: A 1
fre®)|>=k —¢|1-—
[free)| = =5 -
for -t < 8 < and for all large k. Hence (5.25) holds with A = % O
If &(r) = (1-)*" where o > 1, then (5.23) yields @ M, (r, f) = oo for
r—1-
every p > 0. Therefore, for any a > 1 there is a function belonging to f, which

belongs to no H” space. Moreover, (5.22) implies that if o> 1 then there is a
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function f 0 £, such that Tim ‘f(reie)‘ = oo for all 0 in [-m, ] and hence f has
r—1-

no radial limits.
The next theorem shows that Theorem 5.1 is sharp in a strong sense.

Theorem 5.6 Suppose that a > 1 and ¢ is a positive function on (0, 1) such

that lim e(r) = 0 and lim —0)
r—>l- r—>l- (1_r)a—1

if {zx} (k =1, 2, ...) denotes the zeros of f in {z: 0 < |z] < 1}, listed by
multiplicity, and |z, is nondecreasing, then

= oo0. There is a function f 0 £, such that

- 1 LU |
lim I1 > 0. (5.41)

n—oo _ 1 k=1 |Z
non 1 € 1 _ | k |
n

Proof: We use the function f constructed in the proof of Theorem 5.5 where

the function € has the additional property that 1ir{1 % = . Then (5.25)
r—>l- (1—-r o=

implies

Ag(r)

Iy
log [f(r,¢®)| d6 > 27 log
J‘ ‘ k ‘ (1_rk)a—l

-

and therefore

Y
sup jlog ‘f(reie)‘ do = .
O<r<1 S

This implies that f has an infinite number of zeros. Let {z,} (n=1, 2, ...) denote
the zeros of fin {z: 0 < |z| < 1}, listed by multiplicity. Then since f # 0,
Z(l -z, |) = o0. We may assume that {|z,|} is nondecreasing. For 0 <r <1
n=l

let n(r) denote the number of terms in the sequence {z,} with |z,| <r. Then the
zeros of f in {z: 0 <|z| <t} are z,, 2, ..., Zy and Jensen’s formula and (5.30)
give
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1 7 ; v r
> jlog ‘f(re'e)‘ d0 = log —— + (a~1) log A, + 4, log r
T —T j:l |ZJ |

for 0 <r<1. In this formula letr=r, (k=2, 3, ...) and let ny = n(ry). Then

T ' n
exp |- jlog‘f(rkele)‘ 40| =2 Mo T (5.42)
2 =1z
Hence (5.25) yields
n A
}\‘1(1—1 rk}hl rknk l_kl 1 > S(rk) (5.43)

Flzil o Q=)

for all large k.
Let Py, Qx and Ry be defined by (5.32), (5.33) and (5.34). Relations (5.38)
and (5.40) imply that | P (re™®) +Ry (re®) | < % | Qi (ree™) | < Qi (re™) |

for -1 < 0 < and for all large k. Hence (5.35) yields | f (z) — Qu(2)| < |Qw(z)| for
|z| = 1. This implies that f (z) # 0 for |z| = r, and by Rouché’s theorem f and Qy
have the same number of zeros in the disk {z: |z| <r,}. Therefore

m = Ay (5.44)

for all sufficiently large k.
From (5.31), (5.43) and (5.44) we obtain

1 Moo A
>

I1 > .
A . A A
2! a(l—%) Szl et [ L)'
k 7\‘k 7\’1(

This implies that there is a positive constant B such that

A
1 1 k | 1 | > B
7\’ o-1 € 1_ b j:l Zj
K ( }"k)
for all sufficiently large k. This  proves (5.41). N
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In the proofs of Theorems 5.5 and 5.6 the function g was introduced in
(5.29). Since g 0 H” the results actually concern the fractional derivatives of
functions in H”. In order to emphasize this, we focus on what was shown in the
case o = 2. The relations (5.29) and (5.30) show that if a = 2, then

f (z) = z9'(z). Hence the results concern the growth and the zeros of the

derivatives of functions in H”. The first statement in the next theorem should be

compared with the fact that if f 0 H” then f'(z) = O (ﬁj The second
—|z

statement follows from Theorem 5.1, H* < F and Theorem 2.8.

Theorem 5.7 (a) Suppose that ¢ is a positive function on (0,1) such that

lim &(r) = 0. Then there exists a function f 0 H” such that
r—l1-
Tim Uk min |f'(z)| = 0,

r—l- E |z|]=r
(b) Suppose that f 0 H”, f is nonconstant and the zeros of f' in
{z: 0 <z] < 1} are given by {z,} (n=1, 2, ...) where {|z,|} iS nondecreasing.
Then limllgl ! =0.
n—>0 N k=l |z |
(¢) Suppose that & is a positive function on (0, 1) such that
lim g(r) =0 and lim vl
r—l- r—»l- 1—1
such that f’ has an infinite number of zeros and if {z} (k=1, 2, ...) are the
zeros of f'in {z: 0 <|z| <1}, listed by multiplicity, and where {|z,|} is

= oo0. Then there is a nonconstant function f 0 H”

—_ n
nondecreasing, then lim ! ! > 0.
- [ 1] k=1 |z, |
ng/ l—-—
n
NOTES

Theorems 1, 4, 5 and 6 are due to Hallenbeck and MacGregor [1993a].
Theorem 2 was proved by H.S. Shapiro and Shields [1962]. The main argument
for Theorem 4 is a construction of Carleson [1952].
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CHAPTER 6

Multipliers: Basic Results

Preamble. Let f and G denote two families of complex-valued
functions defined on a set S & |. A complex-valued function f
defined on S is called a multiplier of G into £ if f -g belongs

to f for every g in G. For example, Theorem 2.7 asserts that
each function in £, is a multiplier of fg into f,.p for each
a>0and B >0.

This chapter begins a study of the functions that multiply
f, into itself. We generally focus on the case o > 0. Further
information about these multipliers is obtained in Chapter 7.

Let M, denote the set of multipliers of f,. If f belongs to
M,, then the map g I— f -g is a continuous linear operator on

fo. The norm of this operator gives a norm on M, and M, is a
Banach space with respect to that norm.

Functions in M, have a number of properties. We find that
if f belongs to M,, then f is bounded. More generally, certain
weighted partial sums of f are uniformly bounded. A
multiplier maps each radial line segment in D onto a rectifiable
curve. Also we show that M, 6 £, and if 0 < o < 3 then M, &
M.

An analytic function belongs to M, (o> 0) if and only if it

(1-C2)
Many of the results about M, follow from this fundamental
fact.

A basic sufficient condition for membership of a function
in M, is proved for the case 0 < a < 1. This condition concerns
the boundedness of certain weighted radial variations of the
function. Several other sufficient conditions are derived in
Chapter 7. Some of these subsequent conditions rely on the
basic condition given here.

- 1
multiplies the kernels z |— — boundedly for | { | = 1.

Let a > 0. Let M, denote the set of multipliers of £,, that is, f 0 M, provided
that f-g 0 f, for every g O f,.

107
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108 Fractional Cauchy Transforms

Some facts about M, hold in the more general setting of Banach spaces with
additional properties described in the next lemma.

Lemma6.1 Let B be a Banach space of complex-valued functions defined
onasetS s |, where

(a) For each s 0 S, point evaluation at s is a bounded linear functional on B,
and

(b) For each s 0 S there exists g 0 B such that g(s) # 0.

Let f : S — | have the property that f -g 0 B for every g 0 B. Then the
mapping M; defined by

Mi(9)= f-g (6.1)
for g 0 B is a bounded linear operator on B. Also the function f is bounded.

Proof: By assumption M is well-defined. Also M is linear. By the closed
graph theorem, M; is bounded if G = {(g, f-g): g 0 B} is closed in B X B. Let

O, — g and let f-g, — h. It suffices to show that h= f-g. Lets0S. By
assumption (a) above,

[h(s) = F(&)g@) [ <[h(s) = F(8) g, ()] +[(ga(s) —9(s)) f(s)]
SAfh-f-g,ls+A[fG)9, - 9lls
where A is a positive constant. Letting n — 4 yields h(s) = f (s) g(s).
For s 0 S let A; denote evaluation at s, that is, A((Q) = g(s) for g 0 B.
Assumption (b) above implies that ||As|| > 0. For each g 0 B,

If-glle<IM¢llgls-
LetgOBandlets0S. Then
[T g <Al f-glls <A [ IMs[I]g]e-
It follows that

sup [ F(s)[1G(s)] <[[As [I]| My ||
lglla=1

and therefore
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LR A <A [HIMg ]

Since || A|| > 0 this yields | f (s) | < || Mg .

Theorem 6.2 Suppose that f 0 M, for some a > 0 and define Ms : £, — £, by
(6.1). Then M is a continuous linear operator on £, and f 0 H*.

Proof: It suffices to verify that conditions (a) and (b) in Lemma 6.1 hold for
fo. In Chapter 1 we showed that the mapping f |— f (z) is a bounded linear

functional on £, for each z 0 D and for each a > 0. To verify (b) note that the
function g(z) = 1 + z belongs to f, for all & > 0 and g has no zeros in D.

Suppose that f 0 M, for some o > 0. The operator norm of Ms on £, is denoted
by || M¢||, and is defined by

Mt (9)llr
[ Ms [, = sup ———. (6.2)
gek,  [19llg
g=0
Equivalently
IMilla= sup [[Mi(@)][¢ -
lgle, <1
We define the multiplier norm of f to be this operator norm, that is,
f 1w, =1 M [la - (6.3)

Then M, is a normed vector space with respect to the norm (6.3). By the
argument given in the proof of Lemma 6.1, || f || ;. <[ f [y, -

Theorem 6.3 Foreacha>0, M,8f.and | flg <[ flly, -

Proof: Let I denote the function I(z) = 1 for |z| < 1. In the proof of Lemma
2.9 we noted that I 0 f, for a > 0, and [|I]|z =1 since I can be represented

using a probability measure in (1.1). In the case o = 0 note that if p is the zero
measure then

1

1-Cz

1=1+ J'log du(©)
T
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and hence |[I[|g =1. Thus |||l =1 fora>0.

Ifa>0and fOM,, thenf= f-I and hence
I flle <l fllm [l =1flly, -

Theorem 6.4 For each a.> 0, M, is a Banach space.

Proof: It suffices to show that M, is complete in the norm (6.3). Suppose that
{f.} n=1,2,..)is a Cauchy sequence in M,, and let ¢ > 0. There exists a
positive integer N such that

H fn - fm ||Ma <& (64)

for n, m > N. Hence Theorem 6.3 implies that { f, } is a Cauchy sequence in the
norm of f,. Since f, is a Banach space, there exists f 0 f, such that
| f, — fllg = 0 asn — 4. This implies that f, — f uniformly on compact

subsets of D.
We shall show that f 0 M,. Suppose that g 0 f,and || g [l <1. Ifm,n>N

then
ICfn = f)-glle, <y = follm N9l <IIfy = folly, <e.

Thus the sequence {f,-g}(n =1, 2, ...) is Cauchy in the norm of f,, and it
follows that there exists h 0 £, with

[ fa-9-hilg =0 (6.5)

as n — 4. This implies that f, - g — h uniformly on compact subsets of D. For
each z 0 D we have fy(z) — f (z) and f,(z) g(z) — h(z). Therefore

f.g=h. (6.6)

Since h 0 £, this proves that f 0 M,.
The relations (6.5) and (6.6) show that || f, -g — f-g|[[ — 0. This holds

for every g 0 £, with || g [l < 1. Therefore || f, — f|[y, — 0. This proves
that M, is complete.
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Theorem 6.5 Let o> 0 and let the function f be analytic in D. The following
are equivalent.

(a) fOM,

(b) There is a positive constant M such that

f(z)- ——— g <M (6.7)
| f(z 120" 13

forall || = 1.
Proof: First assume that f 0 M,. Theorem 6.2 implies that

M=sup {[[M¢(9)llr: 90Fsand [[gflg <1} <o

and || f-g l,, <MJ gl forallg0Ff, Letg(z)= ﬁ where |{| = 1.
z

Then [|g||g, =1 and condition (b) is established.

For the converse, assume that condition (b) holds, and let g 0 f,. Then

00 = [ du© (A<D (©9)
(1-To)"

T

for some p O M. To show that f-g 0 f,, we may assume that p 0 M*. Then g is
the limit of a sequence of functions each of which has the form

h(z) = Zbk W (6.9)

where by > 0, Zb « =1, |&] =1 and n is some positive integer, and the limit is
k=1
uniform on compact subsets of D.
Suppose that h is defined by (6.9) with the stated conditions on by, {, and n.
Fork=1,2, ..., n there exists v, 0 M such that
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f(2) - dog Q) (2 <D (6.10)

1 :J' 1
(1-g2)* 5 (1-¢)°

and ||v, || £ M. Let v= Zbkuk . Then vO M and (6.9) and (6.10) imply
k=1
that

f(z) - h(z) = j % du(C) 6.11)
T (1-C2)

for |7/ < 1. Also [[0] < > by [luy [ <M Y by =M.
k=1 k=1
By the Banach-Alaoglu theorem, the set {v 0 M : ||u|| < M} is compact in
the weak* topology. Hence an argument using subsequences shows that there
exists A 0 M such that |[A]| < M and

1
t2) 9@ = [———dr(©)
la—ca“

for |z| < 1. Hence f-g 0 f, and this establishes condition (a).
Theorem 6.6 If 0 <a<pthenM, 3 M.

Proof: Let f 0 M, where 0 < o < B. Theorem 6.5 implies that there is a
positive constant M such that

1
|f(z)- ———1lg <M (6.12)
-2 "
for all || = 1. For all such {, the function ———— belongs to fz, and
(1-Co)P™
H_;”F =1. Theorem 2.7 implies that
(1-Cz)f
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1 1 1 1
f . . — < f(z)- — =
10 D Tgyrals MO sk I T

<M:-1=M

for all [{| = 1. Hence Theorem 6.5 yields f 0 M;.
Later we discuss the question of whether M, Mz when 0 <_ o <.

Letf(z) = Z:anzn for|z|<1. Fora.>0andn=0,1,2, ... let
n=0

P.(z, a) = ZAn (o) a zF (6.13)

n()

In particular, {P, (z, 1)} (n =0, 1, ...) is the sequence of partial sums of the
Taylor series for f.

Theorem 6.7 If fO M, for some o> 0 then
1Py G )l < F I, (6.14)
forn=0,1,2,....

Proof: Suppose that o > 0 and f 0 M,. Let M be any real number such that
| £l m, <M. Let[|=1. By Theorem 6.5 there exists 1. 0 M such that

1 1
f(z) - — = d 6.15
@ 10_W@a He (W) (6.15)

(1-C2)*

0

for|z| <1 and || pc | <M. Letf(z) = Zanz“ and let
n=0

f(z)- —Zb@z
for |z < 1. Then
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by (©) = D A(@) a, CF (6.16)

k=0

forn=0,1,.... Also

J.;a dug (w) = iAn(a) IW“ dp (w) z".
n=0 T

r (1-wz)
Hence (6.15) and (6.16) yield

TP ) = [W" dne(w) 6.17)
T

forn=0,1,.... Because || u || <M, (6.17) implies that | P, ({, o) | <M for
[C]=1andn=0,1,.... This inequality holds for every M > || f || m, » Which
yields (6.14).

In general, Theorem 6.7 gives a stronger statement than the inclusion
M, 8 H* from Theorem 6.2. For example, when o = 1 Theorem 6.7 shows that
the partial sums of a function in M, are uniformly bounded.

00 n
Given a power series Zanz“, let s, (z) = Z:akzk and let
n=0 k=0
l n
0n(7) = — ZSk(z) forn=0, 1, ... . Note that 6,(z) = P, (z, 2). Itisa
k=0

o0

classical result that if f 0 H* and f(z) = Zanz“, then [|o, [[= < | ;- for
n=0

n=0,1,.... Conversely, if there is a positive constant M with ||c, ||... <M

n g
forn=0, 1, ..., then f is bounded and || f ll;= < M. Similar results hold for

the polynomials P, (-, o) for a # 2, as stated in the next theorem (a reference is
given in the Notes).

Theorem 6.8 Suppose that f is analytic in D and a > 0.
(a) Ifthere is a positive constant M with || P, (-, &) |[g= < M for

n=0,1,...,thenf0H"
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(b)  For each o > 1 there is a positive constant B() such that if f 0 H* then
[Py (o) [y < B || |~ forn=0,1,.... When o> 2 this

inequality holds with B(a) = 1.

Theorem 6.9 If f 0 M, for some o > 0 then f has a nontangential limit at
every point of T.

Proof: Let {, 0 T. The hypotheses imply that there is a measure p 0 M such
that

() e = [ du®)
1-%o*  10-Tn)

for |z| < 1 and hence
_ I—ZOZ *
f(2) = ‘T[ (—I—Zz ] du(0). (6.18)

The argument now proceeds as in the proof of Theorem 4.10.

Theorem 6.10 Suppose that f 0 M, for some o > 0. For { 0 T, let V(0
denote the radial variation of f in the direction {. Then there is a positive
constant A depending only on a such that V() <A || f ||, forall[g[=1.

Proof: Suppose thata>0and fOM, LetM> || f || m, - For each  with
|C] = 1 there exists p; 0 M such that

f(z) - l " =I i " dpg(w)
(1-Cz)” 1 (d-wz)

for |z| <1. Also || p¢ || <M for all such {. Hence

f(z) = j(ll:%j due (w) + n(46})
TS}

and
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aj(b&ﬂ*m>©

(1 _ WZ) a+l

f'(z) = dp (w).

T\

1
Since V() = j| f(t€) | dr this yields
0

Vo <a |

1 o
{(L«)1|w—m
T\{C} L0

|l-l’Wc |(x+1

dr} dlpe |(w). (6.19)

Let I denote the inner integral in (6.19). Since

a+l

a+l
|1—rw¢ %™ = {(1—r)2 + r|1—Wg|2}T > {(l—r)2 +12 |1—Wg|2} 2

it follows that

1
I< ,!{ ) ) 2}(a+1)/2 dr =

(1-1)" +r° b

where b =| w—{|. The change of variables s = o yields
-r

= [y =B <
0

Therefore V(§) < a B, J dlpg[(w)<a B, [[pl|<a B, M. Since M

TG}
is any constant with M> || f ||, -, the proof is complete.

In the case o > 0, Theorem 6.10 yields another proof that M, 8 H*. This
follows from the inequality

1
[T@I=If O+ [ 1 100)] dr
0
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where z=p{, 0 <p <1 and |{| = 1. Theorem 6.10 also implies Theorem 6.9.
This is a consequence of the fact that if V({) < 4 then f (r{) is uniformly
continuous in r on the interval [0,1). Hence f (r{) extends continuously to r =1,
that is, f has a radial limit in the direction {. Because f 0 H*, Lemma 4.4 shows
that f has a nontangential limit at .

Suppose that f is analytic in D and f extends continuously to D. Theorem
6.10 shows that this is not sufficient to imply that f 0 M, for some o > 0. To see
this let Q be a Jordan domain for which there exists wy 0 0Q with the property
that each continuous curve w = w(t) (0 <t < 1), where w(t) 0 Q for 0 <t <1 and
w(1) = wy, has infinite length. Let f be a conformal mapping of D onto Q. A
theorem of Carathéodory implies that f can be extended to a homeomorphism of
D onto Q. Let z, be the unique point with |zg| = 1 and f (z9) = wo. Then the
image of the line segment from 0 to z, is not rectifiable and Theorem 6.10 shows
that f [ M, for all @ > 0. In the remarks after Theorem 7.25 we give examples of
analytic functions which show that a continuous extension to D is not
necessary for membership in M,.

We shall obtain various conditions sufficient to imply that a function analytic
in D belongs to M,. The condition given in this chapter applies for 0 <a <1 and

it implies that the function extends continuously to D and satisfies a Lipschitz
condition of order 1—a. First we prove this implication. To do so, we need the
following two lemmas.

Lemma 6.11 Suppose that f is analyticin D and 0 <p<1. Let

N i0
L ICOERICS]

A= 5 (6.20)
(‘)eslzrl (I-1)
and
f i(0+h)y _ f i0
B:iup(e & Caoll (6.21)
0
|e\;z

Then A <4, B <4 and there is a positive constant C depending only on B such
that

B<CA. (6.22)

Proof: Let 0 < B < 1 and suppose that f is analytic in D. It follows that

© 2006 by Taylor & Francis Group, LLC



118 Fractional Cauchy Transforms

A<4andB<4. Letz=re® where 0 <r<1 and 0 is real. The Poisson formula
gives

f(z) = 21_7: J'P(r,e-q)) f(ei) do (6.23)

where

1-r?

_ (6.24)
1-2r cos 0 +12

P(r, 0) =

Differentiation of (6.23) with respect to 0 yields

T 2 .
iZf'(Z):L J’{_[ 2r(1-r7) sin (6—@) } f(e?) do

2 - 1-2r cos (0—¢) + r]?
1_ 2 T[ . .
_ r( r ) j s o — f(el(uH—G)) do.
T ot [1-2r cos @ + 1]
Since
0 . b .
j S f(e'©*0) do = —j S © f(e®)) do
¥ [1-2r cos o)+r2] o [1—2r coscs+r2]2

it follows that

2 Y .
iz () =10 [ o L) = 1) | do.

T o [1—2r coso)+r2]2

By a simple argument, there is a positive constant D such that

1 D
<

1-2r cos @ +12 (1—1r)2 + o’

for0<r<1and 0 <® <mz. Therefore
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sin ®

[(1-1)? + 0°]?

— 2 A ) )
|f'(z)|gl r DZJ’ £ @) — £ do.
s
0

Since sin ® < o for 0 < ® <7 and
|f (@) - f ()| < BQ2o)?

it follows that

B 2 2[3+1 ’T B+1
1f'(2)] < 2 (1-1) j 2 do. (6.25)
T o [d=1)7 + o]
The change of variables ® = (1-r) x yields
m B+l )y
j—"; — do = (1-nP? j L
o [A=1)7" + ©7] o [1+x7]
2 B+l
< (1—1')[3_2 JX—“ dx
o [ +x7]
=(1-NP?E < w,

where the constant E depends only on . Hence (6.25) implies that there is a
positive constant F depending only on f such that

FB

f’ < —.
@l

(6.26)

By integrating along an arc of the circle {w: |w|=r}, (6.26) yields

FB

i6+h)y i0
| f(re ) — f(re )|S(1_r)l_B rh

Hence (6.20) gives
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< FE Oy — F @™y 4| F @) = f(re®)] + ] f(re®) - f('®)]

<A(l-1)P + +AlQ-1)P.

(1-r)'P

If we set s = 1-r then 0 <s < 1 and the inequality above is equivalent to

, : FBh
| fe' @My — fe)| < 2AsP + o
S

(6.27)

The inequality (6.27) holds for 0 <s < 1. By relation (6.20),
[F(E) - f ) < 2A

and thus (6.27) is valid for s > 1. Therefore (6.27) holds for all 0, h and s where

Oisreal, h>0ands>0.
The relation (6.21) implies that there exist 6 and h with |8] <=n, h> 0 and

[FEO™) - fEe™)] 1,
hP 2
For such 0 and h, (6.27) yields
FBh
B B
Y BhP <2AsP + NED
for all s > 0. Therefore
s\ h)?
Y B<2A (EJ +FB (—j . (6.28)
s

for a fixed h > 0 and for all s > 0. The substitution s = h (4F)""P yields
Y B < 2A (4R)POP LB,
Therefore B < 8 (4F)"""P A This proves (6.22) for a constant C depending

only on . [
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Lemma6.12 Suppose that f 0 H' and there are positive constants J and
and a set E 8 [-x, m] having Lebesgue measure 2 such that

| f(re®) — f(e®)|<T1-1)P (6.29)
forO0Eand 0 <r<1. Then

| f(pre®) — f(pe®)| < T1-1)P (6.30)

for0<p<1,0<r<1 and 6 real.
Proof: Suppose that f 0 H'. An application of the Poisson formula to f and to
the function z |— f (rz) (0 <r < 1) yields

Y

i i 1 1-p° i i
f(pre®) - £ (pe®) = [ P {f e - £ )t
2n Y 1-2p cos(0—t) + p

-T

for 0 <p <1 and 0 real. The assumption (6.29) implies that

. . = 1 — p2
| f (pre'®) — f(pele)|sL J. P 5 J(1-1)P dt
2m 2 1-2p cos(0—t) + p
=J(1-nP.
Theorem 6.13 Suppose that the function f is analytic in D and
1
I=I(f)=sup | |f'@)|(1-r)*" dr< oo (6.31)

1g=1 5

for some o with 0 < a < 1. Then f extends continuously to D and f satisfies the
Lipschitz condition

|f (M) —f () <Ccin'™ (6.32)

for h > 0 and 6 real, where C is a positive constant depending only on o.
Proof: Since 0 < a < 1, the assumption (6.31) implies that

© 2006 by Taylor & Francis Group, LLC



122 Fractional Cauchy Transforms

1
sup | | f'(t€)| dr < o0
=1 %

and hence f (¢”) = lim f (reie) exists for all 6. Let ¥ denote the line segment
r—l-

from re” to €. Then f (e) —f (re"’) = I f'(w) dw and
]

1 1
) e < [ Fe™)dt< -0 [ ) a-0"" d
r 0

Therefore (6.31) yields

| fe®) - fre®) <11-1)'"" (6.33)
for0<r<1and|6] <n. Lemma 6.12 implies

| f(pe®) — f(pre®)| < T(1-1)'™ (6.34)
for0<r<1,0<p<1land|f<m.

Define the function F = F, by F(z) = f (pz) where p is fixed, 0 <p <1 and
|z| < 1/p. Then F is analytic in D. Let

F(re®) — F(c®
A" = sup M:OSr<l,|6|Sn
(1-n"

and let

i(0+h)y /.00
B’ = sup {'F(e hl)ia Fe )l :h>0,0]|< n}.

By Lemma 6.11 there is a constant C depending only on a such that B < C A’.
The relation (6.34) implies that A’ < I and hence B’ < C I, that is,

| f (pe'©@™) — f (pe'®)| < CIh'™
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for all p, 0 <p < 1. Letting p — 1—in this inequality yields
|f @) —fE”)<CIh™

This proves (6.32). '
To show that f is continuous at points on T, let |6| < & and let z = re'® where
0<r<1and|p| <m. Leth=|p-0|. Then

[f(@) — Fe)<|f ) — ) [+ f () (")
and (6.32) yields

| f(z) — f ()| <|f@e®) - f(®)|+CIh"™
The function r |— f (re®), where 0 <r < 1, extends continuously atr=1. Thus
the previous inequality shows that | f (z) — f (¢)] = 0 asr — I—and h — 0.

In order to prove the main sufficient condition for membership in M,

when 0 < a < 1, we need the following technical lemmas.

Lemma 6.14 For each o > 0 there is a positive constant A such that

T

j 1i(p o+l dp < Ai(p o (6.35)
ol 1=pe™| [T—re™|

foro<r<land-n<¢<m.
Proof: Suppose that 0 <p <1and -n <@ <zn. Then

|1-pe™®* = (1-p)° + 2p (1-cos ¢).
Since 1 — cos ¢ < ¢*/2 this yields
1 1
2 2 < iQ
(I-p)" +¢~ [l1-pe

2 (6.36)

There is a constant & such that 0 < & < 7/2 and 1 — cos ¢ > ¢*/3 for || < 8.
Hence, if p > and |¢| < & then
1 3
< .
P -p?+e’

|1—pe'®
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If|z| < 1,z=pe" and z [ {pe'®: p>Y and || <5}, then
(l—p)2 +8°<A |1—pe“°|2 for a positive constant A. Therefore there is a positive
constant B such that

1 B
<
P 1-p)? +¢°

A (6.37)
[1-pe'®

for0<p<land—mn<op<m.
Fora>0,0<r<land-—n<¢<mlet

by

I, =1,(r,¢) = }[W

Suppose that ¢ > 0. Then (6.37) and the change of variable 1—-p = ¢x yield

by

1
I SB(om)/zJ' dp
a 0 [(l_p)2 + (p2]((1+1)/2
B Rle+D/2 Ve |
- o 2\ (a+1)/2
[0) (l_r)/q)(1+x )
(a+l)/2 @
< B o 21(a+1)/2 dx
¢ (1-nre A%
Ble+D/2
= I(a-1)/9)
where
K 1
I(y) = J' EwEnCEE dx (6.38)
y

fory>0. If0<y<1 then

) al/2
2J J(0).

I(y) < 3(0) < (
I+y
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On the other hand, if y > 1 then

o0

=<

y

1
" dx = .
XU, o

ay

There is a positive constant C depending only on a such that

1 < C

for y > 1. Thus there is a positive constant D depending only on a such that

I(y) < (6.39)

for 0 <y <oo. Therefore

B2 B@/2
I, (r,) < T A 2 27072
e*{l+[(1-1)/@]"}* [A-1)" + " 1"

for0<r<1and 0<¢<m. Since [,(r,p) = [(r,—p), we have

E
<
[(1- r)2 N (pz]a/z

o

for 0 <r <1 and 0 <|p| <, where E is a positive constant depending only on a.
Hence (6.36) with p =r yields (6.35) for 0 <r <1 and 0 < |p| <7. Since

I(1,0) < 1 (1-1)™*, this completes the proof of (6.35).
o

Lemma 6.15 For each o, 0 <a < 1, there is a positive constant D depending
only on o such that

- 1-a
O a—1
JIW(I—p) do dp < D. (6.40)
00

Proof: FixawithO<a<1. ForO0<p<1 let
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and let

T=|1(p) 1-p)*" dp.

© — —

The inequality (6.37) and the change of variable ¢ = (1—p)x yield

n/(1-p) _
Xl o

I(p) < gleth/2 (l_p)1—2a J‘

27 (0+1)/2
oy (1+x%)

There is a constant E depending only on a such that x' /(1 + x*)*"?* < E x

n 1-a
for x > 7. Henceif F = IX— dx then

2 (a+1)/2
y (1+x7)

n/l-p
I(p) < B2 F (1-p)* + B2 (1-p)* E Ix*m dx.

This implies that there is a constant G depending only on a such that

G, when 0 <a < Y
I(p) < <G log li’ when o = %
-p

G

_ when%<a<1.
(1-p)>*!

1 1
Since the integrals J' (1-p)*" dp, J'(log li) (1-p)? dp and
-p
0 0
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1
I(l —p)"® dp are finite, the estimates on I(p) yield a constant D depending
0

only on a with J <D. This proves (6.40).

Theorem 6.16  Suppose that the function f is analyticinDand 0 <a < 1. If
1

I,(F)y=sup | | f'(Q)| (1-1)*" dr <0 (6.41)
[

then f 0 M, and there is a positive constant B depending only on o such that
I flly, <Bd () +I1fll-) (6.42)
for all such functions f.

Proof: Suppose that f is analytic in D, 0 <o < 1 and I, ( f ) < o0. Theorem

6.13 implies that f extends continuously to D. Let || = 1. Then

1 f
f(2) — = (_C) +0(2)
1-C*  (1-C»)
where g(z) = g(z; §) = w (lzl < 1). We shall show that g 0 f, and
(1-G2)°
there is a positive constant D depending only on a such that
lgllr, <D (6.43)
for all || = 1. Since
f
BION R
-2,

Theorem 6.5 yields the conclusion f 0 M,. We have

LGN RO 1(S 644

g’(z) - PN N2
(1-C2) (1-C2)
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Hence Theorem 2.14 yields (6.43) if we show that

(7 1fae)
J,(f)=sup ——— - (1-0)*" B dr < 0 (6.45)
|cu1£'[ [1-Cre® |
and
i0
Ku(f)zsup M( —1)*" d0 dr < o. (6.46)

i0 o+l
=ty 2, [1=Cre™ |

We shall show that there is a constant E with J,(f) <E I,(f) and
Ky (f)<EI, (f). This also implies (6.42).

Let {=e" where -t <n <m,and let 0 <r <1. Lemma 2.17, part (a), gives
|1-re"| > B|y| where B is a positive constant. Hence

” AT )| (releﬂ (1-1)%" 0 dr

|1 Cf 19
L i(y+n)
— '[J- |f (re )| (1 r)al d’Y dr
o 1= re’
L i(y+n)
S J.J. |f (re | )| (l_r)a—l d’Y dr
0-m

1

_ La J' J' | (e Y | (1= 1) dr dy
B - Yl 0
T 1-a
[ Lo ay =1,
BY J |y B%(1-a)
Therefore
I-a
Iy <2 1 (f). (6.47)
B%(1-a)
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At each point z where a function h is analytic and nonzero, we have

% [h(z) || <|h'(z) ] (r = |z]). We may assume that f is not a constant function

and hence its zeros are isolated. Thus an integration by parts yields

{1 fae®) - £

(1-1)*" dr
i0 ja+l
L= Cre
a -1 a -1
< i0 i0
) - f(c>|j—|1_ - p+j|f(re >|j i|a+l dpdr.
The inequalities (6.32) and (6.35) give
1 0y _
| fre™) . fa(ﬁ)l 1-1)"" dr
o 11— Cre™ |
1 —
<Cr (oo [P e
0 |1
1 ) 1
+A j £/ | (1-n* ———— dr.
0 |1 = Cre™ |
Hence (6.47) yields
1 =n H
0 _ f
.[ | f(re = a(ﬁ)' ( r)a—l de dr
S 41— e |
1 = 1-a
o 2ATn
szma(f)jj - M(—p) Hdp dp + 1, ().
s B“(1-a)

1-a
Thus (6.40) yields K, (f)<(2CD + %) I, (), and the proof'is
B*"(1-a

complete. [

Corollary 6.17 Suppose that the function f is analyticinD. If0<a <1 and
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1
I{max 1 £'(2) |} (-0 dr <
0

[z]=r

then f O M,.
Corollary 6.17 is an immediate consequence of Theorem 6.16. Since the
condition on f in the corollary depends only on the growth of | f'|, this gives

concrete examples of functions in M, when 0 <a < 1.
Chapter 7 gives further results about multipliers. Theorem 6.16 plays a role
in the proof of some of these results.

NOTES

Lemma 1 is in Duren, Romberg and Shields [1969; see p. 57] in the context
of a functional Banach space. A more direct proof that if f0 M, for some o> 0
then fO0 H” (and || f ||y~ < f || m, ) is in Hibschweiler and MacGregor [1992;

see p. 380]. That reference also contains the proofs of Theorems 5, 6, 7, 8 and
10. The result given by Theorem 4 is known but has not appeared in the
literature. Theorem 5 is a basic lemma for obtaining facts about M, and its proof
is the same as that given for a = 1 by Vinogradov, Goluzina and Havin [1970;
see p. 30]. The case a = 1 of Theorem 10 was proved by Vinogradov [1980].
The theorem of Carathéodory used on p. 117 is in Duren [1983; p. 12]. We
thank Richard O’Neil for providing the proof of Theorem 13 (see O’Neil
[1995]). O’Neil says that the result was known previously and a variant of it is
contained in Zygmund [2002 (Vol. 1); see p. 263]. Theorem 16 was proved by
Luo [1995] with an argument not depending on Theorem 13. Corollary 17 was
proved by Hallenbeck and Samotij [1995] using a different argument.
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CHAPTER 7

Multipliers: Further Results

Preamble. We continue the study of multipliers of f,. The
focus is on finding sufficient conditions for membership in
M,.

The first theorem gives a condition which implies that a
bounded function f belongs to M, in the case 0 < o < 1. The
condition is described in terms of the boundary function F(0)
and the second difference D(0,¢) = F(6+¢) — 2F(6) + F(6—0).
A weighted integrability condition on D(0,¢) implies f 0 M,.
The proof of this theorem in the case 0 < a < 1 is a
consequence of the basic sufficient condition given by
Theorem 6.16. When a = 1, the argument depends on
showing that a certain Toeplitz operator is bounded on H”.
We first prove a lemma which relates Toeplitz operators and
M.

We give a number of applications of Theorem 7.3. For
example, if 0 < a < 1 and if the sequence {a,} (n =0, 1, ..)
satisfies anﬂ |an | < o, then the function f belongs to

n=1
M., where f (z) = Z:anzn for | z| < 1. We derive conditions
n=0
on the Taylor coefficients of f which imply that f belongs to
M, for a =1 and for a > 1. Namely, if

0

Z|an | log(n+2) <

n=0

then fO M, and if Z'a“ | < oo then fOM, for a>1. When
n=0

a = 1 the argument depends on a known estimate for
™

n
J.| D,(0)| d® where D,(0) = 172 + Z cos(kB) is the
et k=1
Dirichlet kernel. The result for a > 1 is obtained by first

131
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. are bounded for
o

||=1andn=0,1, .... Using the result for a > 1, we find
that the condition f’0 H' implies that f0 M, for all o> 0.

We discuss the question of describing the inner functions in
M,. If fO M, and f is an inner function, then f is a Blaschke
product. Since M, & M for o < P, it follows that each inner
function in M, for some o, 0 < a < 1, is a Blaschke product.
We give a condition on the zeros of an infinite Blaschke
product f which characterizes the Blaschke products with
f O M,. Inthe case 0 < a < 1, we find a related condition on
the zeros of an infinite Blaschke product f which implies that
f 0 M,. For the singular inner function

showing that the norms [z /(1-Cz)®

S(2) = exp {—lf—i} (1] <

we find that SO M, if and only if o > 1. The proofs of the last
two results depend on lengthy technical arguments for
estimating certain integrals.

The question of whether M, # Mz when a # B is not
completely settled. We make a few observations about this
problem.

The results in Chapters 6 and 7 generally assume that o > 0.
At the end of Chapter 7, we quote a number of facts about M,.

We begin with a brief discussion of Toeplitz operators. This will lead to a
lemma which provides a sufficient condition for membership in M;.
Let G be a complex-valued function defined on [-n, 7] and assume

GO0 L? ([-m, n]). Let z cnein® denote the Fourier series for G, that is

n=—oo

™
cy = I G(6) ¢-ind do (7.1)
2 <
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for each integer n. Because G 0 L’ ([-m, n]), Bessel’s inequality gives

o0 o0
z [cn |2 < oo. It follows that the power series cnz™ converges for

n=—oo n=0
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|z|<1. Also, if we let g be the function

9(2) = D caz” (7.2)

n=0
then g 0 H>. The map P defined by P(G) = g for G 0 L* ([-=, n]) is called the

orthogonal projection of L* ([-x, nr]) into H”.
Suppose that g 0 H' and let

9(z) = D, buz" (73)
n=0

for|z|<1. Then G(9) = lir{l g(rei®) exists for almost all 0 in [-x, ©]. Also
r—1-

GO L' ([-r, x]) and

lim j |g(re®) —G(6)| 6 = 0. (7.4)

-7

Let n be a nonnegative integer and let 0 <r < 1. Then

by = —— [ IM 4y
2mi i wn+l
and hence
17 o
b, = i0) e-in® 4o, 7.5
T j g(re’) (7.5)

T
Equation (7.4) implies that

lim [ g(re) e 46 = [ G(B)e- do
r—1-

-7 -7

and hence (7.5) gives
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T
b, = 1 I G(0) e 0 dO forn =0, 1, ....
2n <

Thus the n-th Taylor coefficient of g equals the n-th Fourier coefficient of G for
nonnegative integers n. If n is a negative integer and 0 < r < 1, then Cauchy’s
theorem gives

g(w)

wntl
[wl=r

dw = 0.

Hence (7.4) implies that the n-th Fourier coefficient of G is zero for negative
integers n. In particular, this discussion shows that P maps L* ([-x, 7]) onto H%.

Suppose that the complex-valued function ¢ belongs to L” ([-x, ©t]). Define
T¢ by

Ty(9) = P(¢G) (7.6)

where g 0 H* and G(0) = lil’}’l g(rei®) for almost all § in [—x, r]. Since g 0 H?,
r—1-

we have G 0 L* ([, n]) and thus ¢G 0 L* ([-=, x]). Thus P(¢G) 0 H?, that is, T
maps H” into H. 1t is clear that T, is linear. The operator T, is called the
Toeplitz operator on H> with inducing symbol ¢.

Suppose that f 0 H” and g 0 H®. Let F(0) and G(0) denote the boundary
functions for f and @, respectively. Then F and G are defined almost

everywhere on [, nt] and FG O L*([-m, x]). Since the n-th Fourier coefficient
of FGis

T
= j F(0) G(6) e-in0 dO
2n <

we have

Il
M+
(e}
=
N
=

(TF 9](2)

0) G(0) e ™ do}z"

I
Ms
8-
— 3
i
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Y

- i '[ F(®) G(0) ZO(:] (e‘iezjn do

-7

_LT FO) GO) o
2n i

1—e719%
for|z|<1. Let{=¢", f({)=F(0)andg ({)=G(0). Thus

(T?g)(z) - 2%1 j @dc 1.7)
T

for|z|<1.
Recall that A denotes the space of complex-valued functions g which are

analytic in D and continuous in D, with norm given by

o], = sup |o@).

|z<1

Also C denotes the space of complex-valued functions g which are defined and
continuous on T, with

ol - sup oo}

Lemma 7.1 Suppose that f 0 H” and let F(0) = lirP f (re) for almost all 0 in
r—l-

[-m,x]. If the Toeplitz operator T maps H” into H™ and if the restriction of T
to H” is a bounded operator on H”, then 0 M;.
Proof: Since F 0 L” ([-mn]), TF is a linear operator on H”. By assumption,

TF maps H” into H” and there is a constant B such that

IT5 (@) < Bllg]. (7.8)
forallg 0 H”.

Let | {|=1. For each r with 0 <r < 1 define J; H” — | by J,(h) = h(r)

where h 0 H®. Then J, is a linear functional on H” and [J.(h)| < || h |y~ for
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h 0 H”. Let L, denote the composition J, o Tg. Then L, is a linear functional
on H” and (7.8) gives

IL:(9)] < |T5(9)] .. < B9l

forg 0 H”.
IfgO0Athen [[ g~ =9l and hence

|L:(9)] < B|g] (7.9)
for all g 0 A. This implies that if I:r denotes the restriction of L, to A, then I:r is
a continuous linear functional. If g 0 A, then the maximum modulus theorem

gives

Jol,, = max 19@1= o]

|z| £1

Thus the Hahn-Banach theorem implies that L, can be extended to a continuous
linear functional K, on C without increasing the norm. From (7.9) this yields

K| < B. (7.10)

By the Riesz representation theorem there exists a measure p, 0 M such that

K (@) = [ 9(0) du(0)
T

forg 0 C and ||pr|| = ||Kr || This is equivalent to the assertion that

Ki(9) = [ 960) dur(o) (7.11)

T

for g 0 C where p, 0 M and ||ur|| = ||Kr|| By (7.10) we have

]| < B. (7.12)

© 2006 by Taylor & Francis Group, LLC



Multipliers: Further Results 137

Let k be a nonnegative integer and let gy(z) = z* for | z | = 1. Then (7.11)
yields

Ki(g) = [ 3% dui(o). (7.13)

T

Letf(z) = Z ayz" for|z|<1. Since fis bounded, the discussion starting at
n=0
(7.3) shows that the Fourier series for F is z a, e%, Letj be any integer and
n=0
let d; denote the j-th Fourier coefficient of F G where Gy(0) = gi(¢'®). Then

d = 1 j F(0) ¢ ¢ do
2n K

L J' F(0) e 0 g
27 J

Thusdj=0ifj>kand d; = a,_; ifj <k, and it follows that

k
P(in) = z ak_j Zj

=0

for | z | < 1 and for all nonnegative integers k.
Let §x(z) = zk for|z|<landk=0,1,.... Then

k
L&) =7, (T5G) = D, a; r'T’. (7.14)

i=0

Since K, is an extension of L, from A to C, (7.13) and (7.14) yield

k
a1l =J' 5% du. (o). (7.15)

j=0 T
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The inequality (7.12) and the Banach-Alaoglu theorem imply that there is a
sequence {r,} (n=1,2, ...) and a measure p 0 M such that 0 <r, <1,r, — 1 and
M, — p in the weak™* topology. Taking such a limit in (7.15) we obtain

k
> oa ;8= I 5% du(o) (7.16)
j=0 T
fork=0,1,2,.... Also,
| <B. (7.17)

For|z|<1,

k
where b, = Z ay_; Ej (k =0, 1, ...). Hence (7.16) gives
=0

by =j Gk du(o)

—

and thus

for | z| < 1. This proves that the function z |— f (z) 1_ belongs to f,. Since
—Cz
(7.17) holds for all { (| { | = 1), Theorem 6.5 implies that f 0 M,.
In the case 0 < a < 1, the argument for Theorem 7.3 depends on the following

lemma. The lemma can be proved using an argument similar to that given for
Lemma 6.14.
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Lemma 7.2 IfB>—1andy>p+ 1 there is a positive constant A depending
only on B and y such that

! B
j|1(l"r) dr< 2 (7.18)

for 0 < [0] < .

Theorem 7.3 Suppose that 0 < o < 1 and f 0 H*. Let F(0) = lim f(re'®) for
r—l-

almost all 6 and let
D(0, ¢) = F(6+¢) — 2F(0) + F(6— ) (7.19)

for appropriate values of 6 and ¢. If

j DO, 9l 44 < o (7.20)
(P2 o

then f 0 M,. There is a positive constant B depending only on o such that
I flim <B Ko + I fllu) (7.21)

for all such functions f.

Proof: Suppose that 0 <a <1, f 0 H” and (7.20) holds. The Poisson formula
(6.23) applies to f. Differentiation with respect to r on both sides of this formula
yields

e 1o)== [Qr, 9-6) Fio) do (722)
T
where

Qr, ¢) = (1+r2)005(p - 2r .

o (7.23)
(I-2rcosp + 1)
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U
The function Q is an even function of ¢, has period 27 ande(r, ¢) do = 0.
0

Thus (7.22) yields
. 4 1
e 1'(re) = [ Q(r. 0) {F(O+) + FO-0)} do
T -7

Q(r, @) {F(0+¢) + F(O—0)} do

I
a|~

Oy O

% Q(r. @) F(B+9) — 2F(©0) + FO—¢)} dp.

Thus

[ £Ge) <2 [1Q0, 9)[[DO, 9)] do. (724)
0

Since (1 +1?) cos ¢ — 2r = (1-1)* - 2(1+1) sin’ (%) and

1-2r cos ¢ + r* = |1-r¢'?, (7.23) implies that

(1-0° + ¢’
1-re'® [*

|Q(r,9) | <

Hence (7.24) yields

1
J' | f/(rei®) | (1-r)e- dr
0 (7.25)

17 17
< — [1(0) DO, 9)do + — [1(®)|D(6,0)| do
TCO TCO

where
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1
(1 _ r)(l-i-l
(p)=]| ———dr (7.26)
-([ |1-1e' |*
and
£ (1-net

J(p) = ¢2 (7.27)

[1-reio |4
0

for0<o<m.

Lemma 7.2 implies that I(p) < ¢ and J(op) < D for 0 < @ <7 where
(PZ—(x (p2—(x

C and D are positive constants depending only on a. Hence (7.25) yields

1
J.|f(re‘e)|(l r)‘“dr<EJ'M
¢

0

where E is a positive constant depending only on a. Hence the assumption
(7.20) gives

1
sup J' | F(re®) | (1= 1)*" dr < oo.

Theorem 6.16 implies that f 0 M,. This argument also yields (7.21). This proves
the theorem when 0 <a < 1.
Now suppose that f 0 H” and

T
D
K, = sup J' IDO.91 4o < oo, (7.28)
0 o 0]

Suppose that g 0 H” and let t= T3(g). Then (7.7) gives

supli0] =sup || I a5 <
T

lzl<1 2n -
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where f () = F(8) and g({) = G(0). Hence

sup|t(z)|:sup{ J' 16 9@ (g) OSr<1,|G|=1}
lzI<1 + G-
_ 1 (©) 9(©) . _
_Sup{Zn -[(1 e dC|:0<r<l|o|= 1}
:sup{zl—7r _f%dg :0Sr<1,|c|:1}.
Thus
sup [t(z)| < L+ M + N (7.29)
|z]<1
where
fol) - 2f(0) + f(oC
M = sup | - j 210405 ae
(1 - 10);
and
f(oC
N = sup { j 10 405y ac
(1 - 10)¢

and r and © vary as before.

Let { = ¢ and 6 = ¢”, where -t < ¢ <mand —n <0 <7. Letw = re" where
0<r<1and|y| <m. Lemma 2.17, part (a), gives |l-w| > A|y]| for a positive
constant A. Hence
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™ _ F _
L < sup LJ [FO+e) ZF(G)'+ ® (p)|d(p:0£r<1,|9| <m
2n [1—re™|
r ID
S‘ sup lJ.Md(\o:0£r<l,|9|Sn
N [1—re™ |
[ ID K
(0} TA
0
Also
M < 2| f [l sup l (9("8@@ O<r<l|o|=1
1-r
19w

=2 f|ge sup dw|: 0<r< 1 |o|=1;.

m Y w-ro
T

Hence Cauchy’s formula yields

M < 2| f [l sup {|g(r0)|: 0 <t <1 [o|=1}=2]flu gl

For |w| < 1 leth(w) = f(w). Then h 0 H”. The change of variables
w = 6 and Cauchy’s formula give

h(w) g(o?w)

W —IC

nE t(00) _ L
2ni-[(1_ 1) 9(e%) Q_zni-!.
= h(r5) g(ro)

= f(ro) g(ro).

Therefore N < || f [ln= || 9 [l= -
The inequalities for L, M and N and (7.29) yield

sup
|z]<1

(7.30)

o

t(z)‘

i lo
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Therefore t 0 H”. Thus Ty maps H” into H” and (7.30) shows that the

restriction of Ty to H” is a bounded operator. Lemma 7.1 implies f 0 M.

Corollary 7.4 SupposethatfOH”and 0 <a<1. If

n i(0+0)y _ i0
supj RIC ) - fe )|d(p<oo (7.31)

lo]*™

then fO M,.

Corollary 7.5 Suppose that the function f is analytic in D and continuous in
D. If the function 6 1— f (¢") satisfies a Lipschitz condition of order p for

some B (0<B<1)thenfOM, fora>1-P.
Proof: By hypothesis there is a constant A such that

(&) —f ) <Alof

for all 6 and ¢. Hence if o > 13 then

IH@WW) f(e)]

o d(pSAj|(p|B+°‘_2 do < w.
¢

-7

Corollary 7.4 yields f 0 M, in the case 1 — 3 <a < 1. Theorem 6.6 implies that
fO M, forall o> 1-B. [
Suppose that F is a complex-valued function defined on (—o0, ) and F is

periodic with period 2n. The modulus of continuity of F is the function ®
defined by

ot) = sup |F(x) - F(y)| (t>0).

[x-yl <t

The next corollary is an immediate consequence of Corollary 7.4 and the
inequality

[T —f () [ <o (o).

Corollary 7.6 Suppose that the function f is analytic in 2 and continuous in D
and let o be the modulus of continuity of the function F defined by
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F(x)=f(e™) for real x. If0<a <1 and J‘(ZLE) dt < oo, thenfO M,.
t o
0

Theorem 7.7 Suppose that 0 < o < 1 and the sequence {a,} (n =0, 1, ...)
satisfies » n'"* |a, | <co. Iff(z)= Y a,z" (z/<1),thenfoM,

n=l n=0

Proof: The assumptions imply that f is analytic in D and continuous in D.
Let  denote the modulus of continuity of F where F(x) = f (¢™) for real x. For
n=1,2, ... let ®, denote the modulus of continuity of the function g, where

inx

0u(x) =e™ for real x. Then
. n(x-
19260 = 9a ()] = 2 [sin "D <npx-y,
and hence o,(t) <nt. Also w,(t) <2. Therefore
Fo,(0 o) . F o,
n =I n dH—I—L—&
t2—a t2—a tZ—U.
0 0 n/n
n/n T
<n [ m+2j L
tl—ot t2—a
0 n/n
o
— TC_ nl—ot + 2 TCOL—I (nl—a 1)
o 1-a
<An'™®
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Corollary 7.6 implies that f 0 M,.
Theorem 7.7 is sharp in the following sense.

Theorem 7.8 Suppose that {¢,} (n=0, 1, ...) is a sequence of positive numbers
such that inf €, = 0 and suppose that 0 <a < 1. Then there is a sequence {a,}
n

(n =0, 1, ...) such that f(z):Zanzn (lz] < 1) is analytic in D,
n=0

an nl-@ |a, | < o andf (M,

n=1

Proof: There is a subsequence of {g,}, say {e, } (k=1,2, ...) such that

0y

g, < k% fork=1,2,.... Let the sequence {b,} (n=1, 2, ...) be defined by

b

n

= k fork=1,2, ... and b, = 0 for all other values of n. Let ay= 0 and

a,=n""'b,forn=1,2, .. andlet f(z)= Zanz" . The power series for f
n=0
converges for |z| < 1 since

Tim wfan | = Tim (g )" W

k—o0 k—o

k—o

o0

We have an n'™ |an|:i£nkkSiL<oo. For k = 1, 2, ..,

2
n=1 k=1 o K
a, =n{" k and hence
k
. a
lim — = oo,
n—w na—l

Therefore a, # O(n“") and hence f ( f,. Theorem 6.3 implies that f (M,

Lemma 7.9 Supposethata>0,f,0Ff,forn=1,2, ... and f(z) — f (2) as
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n — o for |z| < 1. If there is a constant A with || f, ||, < A forn=1,2, ...,
thenfOf,and || T ||, < A.

Proof: Let B > A. For each positive integer n there is a measure p, 0 M
which represents f, in f, and with ||un || < B. By the Banach-Alaoglu theorem
there is a subsequence of {u,} which we continue to call {u,}, and p 0 M such
that p,, — p weak* and ||u|| < B. We have

1
b =[ G e © <D

T
fork=1,2,.... Foreach z 0 D, the function { |— ﬁ is continuous on
—(Cz o
T. Therefore
[ @[
] (1-Ca)e 1 (1-Ca)e

as k — oo, Also, fy(z) — f(z) as n — oo for |z| < 1. Therefore

1
fzy=| ———d
(2) l o MO

for |z| < 1. This shows that f 0 £, and ||f F S ||;,L|| Hence ||f ¢ < B. This
holds for every B > A and thus || f || f SA D
Theorem 7.10 If the sequence {a,} (n=0, 1, ...) satisfies
D la, | logn +2) < o (7.32)
n=0

and f (z) = Zanzn (|2l < 1), then f O M;.

n=0
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n
Proof: Forn =0, 1, ... let D,(8) = % +Zcos k6 and let p, denote the
k=l
measure on T that corresponds to D,(0) dO on [-w, ]. Then

Y

%dmc):j L

_ a-if
T1— z _nl ez
- j > e-i0zk D,,(6) do
k=0

= i{jfe—ike D, (0) de} zk
k=0 | *p

= nzk.
k=0

=}

Therefore

n

k
1> 2% 5 <

k=0

1 |D, (6)] d6. (7.33)
T

3 ==

U
It is known that '[ |D, (0)] do = 4 log n + O(1) as n — o. (See Zygmund,
n
-7
vol. T [2002], p. 67). Hence there is a positive constant A such that

J |D,(0)]d0 <A log(n+2)forn=0,1,.... Thus (7.33) yields

-7

n
A
szk lg <= log(n +2) (7.34)
k=0 n
forn=0, 1, .... Since
n n—1
zn _ 1N
-z 1-z o
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forn=1,2,... and H%”H =1, (7.34) implies that
-z

n
12—l <1+ 2 tog(m +1) (7.35)
1-z T
forn=1, 2, ... . Hence there is a positive constant B such that
I IZ—Z g < Blog(n +2) (7.36)

forn=0, 1, ... . The change of variables z | — zz in (7.36) yields

Zﬂ

| —=Ilzg < Blog(n +2) (7.37)
1-¢z
forn=0,1,...and|{ = 1.
n—1
Forn=1,2, ... letf(z) = Zakzk . Then (7.37) implies

k=0
1 s z~

I f.(2) —=1Is < D law [ l—=Il§

R P ; 1-¢z

n-l|

<B Y |ay|log (k +2)
k=0

<B Y |ay|log(k +2) = C.
k=0

The assumption (7.32) implies that C < . Hence Lemma 7.9 shows that

f(z) 1_ belongs to £, and || f(z) g <C for || = 1. Theorem 6.5

1-Cz l—gz
yields f 0 M.
We shall show that Theorem 7.10 is precise. The argument uses the
following lemma.

Lemma7.11 Let A’ denote the set of functions that are analytic in D, and for
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g(z) = anz“ (zZl < 1) letec,=cn(Q) = Zbk' Suppose f 0 H” and let
n=0 k=0

f(z)= ) a,z". Thenf0 M, if and only if
n=0

sup {

Proof: Suppose that the function f is analytic in D. By Theorem 6.5 and
Theorem 2.21, f 0 M, if and only if there is a positive constant M such that

o0

D anen(g) 28

n=0

g CA, ||g||Hx < 1} < 0. (7.38)

H»

1
f(z — * g(z <M w

‘ @17, "9 <Ml
for g 0 H” and |{| = 1. This is equivalent to the statement that f 0 M, if and only
if

1 o

sup 4|l (2) —=*9g(@)| 90 H", gl <L[g=1f <. (7.39)
1-Cz -

For 0 <r <1 let g(z) = 9(rz) (jz| < 1). If we apply (7.39) to g, and then let
r — 1—, we conclude that f 0 M, if and only if

sup {

Now suppose that g 0 A" and || g|l,. < 1. For|z] <1, letf(2) :Zanz“
n=0

f2) —=* g(2)
1-&z

tg0O A gl LY = 1} <.  (7.40)

H

and g(z) = anz“. Let s,(z) = Zbkzk. Then
n=0 k=0
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o0 n

IRAICED ) R EACR

n=0 (k=0
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First assume that f 0 A’. Then

k=0

z" OOb -_jzj
D b.iC

i=0

j f(2) *g(z) = i{iak?‘k} b,z"

n

=0
=0

= a,0@0) + Y 0,8 [9@2) - 5,4(@)]
n=l

00

= 9(&) F(©) = D 2" 50y (C2)

n=l

We have |g(Cz) f(&)|<| F(©)|<| f = - Hence if we first replace f by f,

where fy(z) = f (pz) (0 < p < 1) and let p — 1-, it follows that for bounded
functions f, f0 M, if and only if

sup {

This inequality is equivalent to (7.38).

o0

Z angn Sn-1 (EZ)

n=1

TQOAL g lne <L [Cf=1p <o
H’x)

Theorem 7.12 Let {e,} (n=0, 1, ...) be a sequence of positive numbers such
that inf e, = 0. There exists a sequence {a,} (n = 0, 1, ...) such that
n

Zan e, log (n+2) < o and the power series Zan z" does not define a
n=0 n=0
member of M,.

Proof: There is a subsequence of {e.}, say {e, } (k=0, 1, ...) such that ny,

> 2ny for all k and z,[ank <1. Let
k=0

a, = !
VEn, log(n +2)
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forn=n, (k=0, 1, ...) and let a, = 0 for all other n. Then

Z.O:|an | €, log(n + 2) = Zw:\/q < o,
n=0 k

=0

o0
We may assume that the power series z a,z" converges for all z with
n=0

|z] < 1. Otherwise, the function defined by the power series has radius of
convergence less than 1, and therefore does not give a function in M,.

Forn=1,2, ... let Py(z) = Zl_(zn—j — zn+i). Then
j=1

P () = z% |:ei(n—j)9 3 ei(n+j)9:| __9iein® Z Slnﬁje).
=

j=1

n

There is a positive constant A such that ZM
= J
j=1

n=1,2,.... Hence |P,(e®)| < 2A and therefore

<A fornt<0<mand

[Pu(2)| <2A (7.41)
for|zl<landn=1,2,....

Letg(z) = Z €y, Py, (2) for|z] <1. If N is any positive integer, then

k=0
Z‘\/; P, (z)‘ < > fen 24224 iﬁ <2A.
n <N n <N k=0

This implies that g is well-defined for |z| < I and
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lg(z)| <2A for |z|<1. (7.42)

Recall from Lemma 7.11 that if h(z) = Z:bkzk (lz2l < 1) then

cn(h) = Zbk . The definition of the polynomial P, implies that c,, (P,) >0

for all m. Since ¢, (g) = Z ,/snk cm(Pnk ) it follows that
k=0

cn(@ > fen, cn(Py)

for every k. In particular, if m = n, then

(@2 o0 D
=

Hence

;mmw”zf%wwm”@
0 nkl
Zlm+A;$

0

N
There is a positive constant B such that Zl >Blog(N+2) forN=1,2, ...
j=1
and thus

D la, ey (@) = . (7.43)

n=0

We shall show that f [ M,. To the contrary, suppose that f 0 M,. Then f is
bounded. For 0 <p <1 let g,(z) = g(pz) for |z| < 1/p. Lemma 7.11 implies that

© 2006 by Taylor & Francis Group, LLC



154 Fractional Cauchy Transforms

o0

D e, (g,)2"

n=0

there is a positive constant C such that <Cfor0O<p<l.

-
For |z| <1, let

o0 o0

Fo(2) = D a,¢,(d,)7" = D a, o, (9,)2™.

n=0 k=0
Then F, 0 H” and "Fp ||H°° < C for 0 <p < 1. A general fact about lacunary

series (see Notes) asserts that if M>q >1 for k = 0, I, ... and if
e

G(z) = de z"™ (|z] < 1) belongs to H”, then there is a positive constant D
k=0

depending only on q such that E |dy [£D [[G]l,;= . Since ke 2, it
n
k=0 k
follows that

D lancn (@) < D|F, [l
k=0

and hence
D a, le, (9,)/<DC
k=0
forO0<p<1l.
00 n
If g(z) = Y b,z" (jz/<1)then c,(g,) = » b;p’. Hence

n=0 j=0

Zank nzk:bjpj <DC

o0
k=0 =0

for 0 <p <1. Letting p — 1 this yields
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0 ny
2@ |20,
k=0

=0

<DC,

that is, Z:|ank Ch, (9)| < D C. This contradicts (7.43).
k=0

Next we show that absolute convergence of the Taylor series for the function
f is sufficient to imply that f 0 M, for o > 1. Two lemmas are used in the proof.
We have noted that if f 0 £, (¢ > 0) and if f can be represented by a

probability measure in (1.1), then ||f||F =1. Lemma 7.13 follows from this

fact and an application of Lemma 2.5 with F(z) = (z| < D).

o

Lemma 7.13 Suppose that o> 0 and |w| < 1, and let f(z) = !
(1-wz)”

(I <1). Thenfo f,and |f[_ =1.

Lemma 7.14 Suppose that o > 1. There is a positive constant B depending
only on o such that

Zn

—~ | <B (7.44)
(1-C2)”

FVJ.

fori|{l=1andn=0,1, ....
n

Proof: Let gu(z) =

for |zl <landn=20,1, ... For|{ =1,

—Z)

l9. (2| =|9a]|- » and thus (7.44) will follow if we prove that

lo, . <B (7.45)

forn=0, 1, .... Since "go”,: =1 for a > 0, we may assume that n > 1.
By Theorem 2.10, if f O £, and o < 8 then f 0 £ and "f”FB <C ||f||F where C

depends only on a and B. Thus it suffices to prove (7.45) for 1 <a <2 and
n>1.
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Forn=1,2,...letr,=1-1/(2n). Then

g.(2) = -l i h@ke (7.46)
(1-2%  (1-r1,2)"
where
h, (z) = (zn -1 ! — ! (21 < 1) (7.47)
! -2 (1-1,2)°
and

k() = —2 (12| < 1). (7.48)
(1 - rnZ)OL

Because of Lemma 7.13 it suffices to prove that

[h

f <C (7.49)

and

k.l <D (7.50)

forn=1, 2, ... and for suitable constants C and D.
n-I
Since z" — 1 =(z-1) ZZj, it follows that
=0

12" —1|<n]|z-1] (7.51)

for|zl<landn=1,2,.... Let L denote the closed line segment from r,z to z.
Then

1 3 1 _ J‘ a dw
i-2* d-r,»* + (1-w)*

If|zl<1l,w=pzand 0 <p <1 then

[1-w| [1-2]
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1 | _a2®zd-r)
1-2%  (-r,2)%| 11—z
Therefore
o
IR |g o2 -, (7.52)
1-2%  (-5,2%| n[l-z|*
. 1 2
Since < we also have
M-tz [1-z|
o
RS |sl+2 . (7.53)
1-2% (-2 |1-z*
We will obtain (7.49) as a consequence of Theorem 2.12. Let
1 n
L= [ [ Ihae®)a-n"? do dr.
0-m
Then
Lo=T, + 10 +1 (7.54)
where
I, n
I = H Ih, (re®)| (1-1)*2 do dr (1.55)
0-m
1
I = I I | by (re®)| (1=1)*-2 d6 dr (7.56)
0] < 1/4(2n)
and
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e —

1= j |hy (rei®)| (1—r)-2 dO dr. (1.57)
 1/(2n) <|0]<

We estimate [}, using (7.47), (7.52) and (2.26) as follows.

| ™ o 2(x+1 s
"< Y o
I _H_j PR de}(l 12 dr

o2 Ty
<%2 A j(l—r)*2 dr
n 0
a+2
_ a2 T AoH—l Iy < aZoH—S 7 Aa+1~
n(l-r,)

We estimate Iy using (7.51), (7.53) and the inequality |1 — z| > A |6] given in
Lemma 2.17. This yields

1

1+ 2¢
I sJ‘ nd+27) h a21 dol(1-1)*2 dr
n | 161 < 1/2n) [1-re™ |
1 [1/2m)
2n(l +2¢
sn(—l) j L do -1 dr
A% 0%~
I, 0
1+2%

AT 2—a)a-1)

e

Next we use (7.52) and the inequality |1-z | > A|0] to estimate 1}, as follows.

o 20+1

< —— d6;(1-r)*2 dr
n | 1—rei® |a+1

| 1/2n)<9 <
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o 2a+2 !
nAOH—l J-

Iy 1/(2n)

Y

2(x+2 1

= nAow—l

(1-r)*=2 dr

I é fen® - e ta-n*? ar

159

The inequalities for Ij, I} and I," and the relation (7.54) yield I, < E
where E is a positive constant depending only on a. Theorem 2.12 implies that

h, 0 f, and (7.49) holds forn=1,2, ... and 1 <a. <2.

A second application of Theorem 2.12 will yield (7.50). Let

1 n
- J'J' Ik, (re®)] (1-1)*2 do dr
0-m

forn=1,2,.... Then
T =Ty + 1
where
V= ” Ik, (re'®)] 1-1)®2 do dr
0-mn

and

1 =n
" o_ i0 _rya-2
3 ” Iky (rei®)| (1—1)a-2 do dr.

nh -7

From (7.48) and (2.26) we obtain
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do; r» (1-r)e-2 dr

—
5 =
1]

Sy —

J- |1 IyT ele |a
-

U
{J oreo o }rn(l_r)azdr

J.TEAa o (1-r)-! dr
0
2n

IA
S Ly

IA

Ty

A,
Jrn dr
1-1,
0

n+l
_2mAa I A
(I-1ty)(n+1)

IA

Also, (2.26) yields

j;ede (1-1)%2 dr
o [1-r,re |*

—
SN
IA

—

—

j ;e dol(1-n2 dr
RS

IA
—

-

21A

) r)Mj(l o2 dr = 2™a

The estimates on J; and J;' and (7.58) yield J,<F forn=1, 2, ...

where F is a positive constant depending only on a. Theorem 2.12 implies that
k, 0 f, and (7.50) holds forn=1,2, ... and 1 <a <2.

Theorem 7.15 Suppose that imn | < oo and let f(z) :ianzn (lz] < 1.
ThenfO M, forall a> 1. " "

Proof: Forn=0,1, ... letf(z)= Zn:akzk . Lemma 7.14 implies that if
a>1and |{| =1 then -
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1 < z
o) ——— <Yl || ———
e 2l .
<B Y |a,[<B Y |a,|=C<e.
k=0 k=0
Lemma 7.9 implies that f(z) ;_ 0f,and
1-Cz)*
1
f(z) —— " <C
(1-C2)"

for || = 1. Theorem 6.5 now yields f 0 M,.

Theorem 7.16 Suppose that »_[a, | < and f(z) = Y a,z" (iz<1). If
n=0 n=0

fOF,thenfoM, forall a>0.
Proof: Letg 0 f, where a >0 and leth= f-g. Since g 0 f, Theorem 2.8

implies that 9" € F,,,. By Theorem 7.15, f 0 M., and thus f -g’ 0 f,. Since
f 0 fy Theorem 2.8 implies that f'0 f;. Hence Theorem 2.7 yields f'-g 0 fy1.

Since f-g'0 f, and f'-gO0 Fy it follows that h' = f-g" + f'-g 0 fu.y.
Theorem 2.8 yieldsh= f -g 0 f,, and thus f O M,,.

Theorem 7.17 If f' 0 H' thenfO M, forall o> 0.
Proof: Suppose that f' 0 H'. Letf(z) = Zanz“ (lzl < 1) and let

n=0

92)= F'(2) = ) b,2" (I < 1).

n=0
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. . | b
Because g 0 H' an inequality due to Hardy asserts that z% Sullglly -
n+
n=0

Since b, = (n+1) a,+ for n = 0, 1, ... this implies that Z:|an | <oo. Also
n=0

f'eH! implies that f’ 0 £, and thus f 0 f;. Theorem 7.16 yields f 0 M, for all
a>0.

Next we consider the membership of inner functions in M,. Every finite
Blaschke product is analytic in D and hence belongs to M, for all a > 0. The
next theorem shows that the only inner functions in M, are Blaschke products.
Furthermore, the theorem provides a description of the Blaschke products in M.

Theorem 7.18 If f is an inner function and f 0 M,, then f is a Blaschke product.
An infinite Blaschke product belongs to M, if and only if its zeros
{z,} m=0, 1, ...), counting multiplicities, satisfy

S 1- |Zn |
su ——— < . 7.61
P oy oD
In a precise way, condition (7.61) asserts that the zeros of the infinite
Blaschke product cannot accumulate too frequently toward any particular
direction. Theorem 7.18 is a significant result and its proof is long and difficult.
We omit the argument. The result is due to Hrus¢ev and Vinogradov [1981].
Suppose that f is an inner function, 0 <a < 1 and f 0 M,. Theorem 6.6 implies
that f 0 M;. Hence Theorem 7.18 implies that f is a Blaschke product. The next

theorem gives a condition on the zeros of an infinite Blaschke product which
implies that the product belongs to M,.

Theorem 7.19 Suppose that f is an infinite Blaschke product and the zeros of f
are {z,} (n=1, 2, ...), counting multiplicities. If0 <o <1 and

| 1 -z, ‘
Z}Ll % J <o (7.62)

ICI 1

then f O M,.

It is not known whether the zeros of an infinite Blaschke product which
belongs to M, for some a, 0 < o < 1, must satisfy (7.62).

Next we give four technical lemmas needed for the proof of Theorem 7.19.
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Lemma 7.20 Suppose that o > 0. There is a positive constant A depending
only on o such that

1
[ ! dr< 2 (7.63)
I—xne (- = 1-x

for0<x<1.
Proof: Suppose thata >0 and 0 <x <1. Then

j. ! dr <

! dr + ! J. ! dr
(1—xr)e+! (1-r)l-o (1-1)2 (1—x)o+l ? (1-r)l-o

O ey ¢

X 1
—+
I-x  o(l-x)

<1+ 1/0) i

Lemma 7.21 Suppose 0 <o < 1. There is a positive constant B such that

™
j L < B (7.64)
[1—xrei® |2 [1-Creid |@ (1—xr)ot

-7

for[(=1,0<x<land0<r<I.
Proof: Supposethat0<a<1,|(|=1,0<x<land0<r<1. For-n<0<m
let

FO) =
[1—xrei® |2 |1-Crei® |»

For the function g(0) = 1/|1-xre"’[%, the symmetrically decreasing rearrangement
of g is g itself. Also, the symmetrically decreasing rearrangement of

1/]1=Crei® |@ is 1/|1-rei® |« . Hence
™ ™
J F(0)d6 < j F*(6) o (7.65)

-7 —-T

where
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1
[1—xrei® |2 |1—reid |@

F*(0) =

for -t < 0 <7 (see Notes for a reference). Using (a) of Lemma 2.17 yields

T

JF*(O)dG: jF*(O)d9+ j F*(6) do

-7 |6]<1—xr 1-xr<|0)<n
1 1 1
S J- (I_Xr)z A(X |e|(x de + J- AZ-HX |9|2+(x de
|0)<1—xr 1—xr<[0)<n

~ 2 . 2 1 R
A%(l-a)1-x0)*"  A+)AZ* | (1-xr)*"! '

Because of (7.65) this yields (7.64) where B depends only on a.

Lemma 7.22 Suppose that 0 < o< 1. There is a positive constant C such that

t 1
- — do
_-[E |1—xre® [* |1-Cre |*

7.66
col lel™ 1 e
- [1- xre!(®/4) |2 (1-xn)|1 —relGe/d |*

for(=e° -n<p<mO0<x<land0<r<I.
Proof: We may assume that ¢ > 0. Let I denote the integral in the statement
of the lemma. ThenI=1,; + I,, where

1
I, = - — de
i0 2 i0 o
0-0<(Go/4) [I—xre”™ |~ [1-Cre™ |

and

1
I, = . — do.
? I1-xre® |? |[1-Cre'® |

3¢/ 4)<|o—gl<2n
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We proceed to estimate I; and I,. In the second inequality below, we use part (a)
of Lemma 2.17.

X 10-01<(30)/4

A% 1—xre'®' ™| |6—¢|*

[6-0l<(3¢)/4
B 1 23¢p/4)
A% 1-xre®* )P 1-a
Also,
1 1
< ——db
i3p/4) |a _[ i0 |2
[1-1e'®" | |e—tp\2(31p/4)|1_xre |
1 j 1
< - - de
|1_rel(3(p/4) |l7. ? |1_Xrele |2
1 27
|1 re1(3(p/4) |ll 1 XZ 2

Since I =I; + I, the estimates on I; and I, yield (7.66), where C depends only on
a.

Lemma 7.23 Suppose that 0 < o < 1. There is a positive constant D such that

1 n o—1
” (1 r) ——dodrs —— D (1.67)
o2 [1=7re® |* [1-Cre |* [1-Cz|* (-] z)"™
for|{|=1and |z] < 1.
Proof: The periodicity in 0 implies that we may assume z is real and
nonnegative. Letz=x where 0 <x < 1. Also let{=¢'® where -t <@ <m. Let

1= a-1
= (l D o
0 11- xre'? |1 Cre |¢

We first consider the case where |@| < 1-x. Then
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[1-Cx |2 = (1-x)2 + 4 x sin2(¢/2)
< (1-x)2 + 4 sin2(p/2)
<(1-x)2 + 2
<2 (1-x)2.

Hence 1/(1—x) < oY |1-Cx|. This implies

al/2
L 2 (7.68)

I-x ~ |1-Cx|e (1-x)le

We use (7.64), (7.63) and (7.68) to estimate I, as follows.

B(1-n*"

(1 XI‘) (X+1

dr

—
IN
S ey —

IA

1-x
BA 2(1/2
C-Cx | (-x)

Hence (7.67) holds when || < 1-x.
Next assume that 1-x <|p| <m. Letn

Lemma 2.17 give

= |¢|. Then Lemma 7.22 and part (a) of

1-a a-1 1 o-1
tec [ WO p (ot
|1—xre®’* | o (1=xr)[1-re!Co/® |

0

1I-(n/m) 16 1

< Cine J' (1-1)*3 a5 J'(l—r)“—‘dr

0 1-(n/m)

1 a-1
N 4 J‘ (1-1)
3An 0 1—xr
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The sum of the first two expressions is less than ! ! + 16 l
2—a m*2  A2qn® | n

Hence Lemma 2.15 yields

0 L S
n ne(l-x)l-«

where E is a constant depending only on a. Since 1 —x <n we have

[1-Cx |2 = (1-x)2 + 4x sin2 (¢/2) < 21?2

o al/2
and hence ls \/g . Thus [lJ SZ—. Also

n o |1-gx| n [1-Cx |
¢ al2
lzl—x 1 < 1-x 1 < 2_ . 1 .
n n l-x n I-x  |1-Cx|* (1-x)"™
Therefore
a/2)+1
I< _2( " .
[1-Cx [« (1-x)1-=
This yields (7.67).

We now present the proof of Theorem 7.19. We assume that 0 <o < 1. Let
{z,} (n=1,2,...) be a sequence in D such that

i L;';n '} < . (7.69)
=1

IC} 1

Since 1- [z,] < (1- |za))* < 2% (1 — |za)* /| 1= Czy | for each ¢ with || = 1, the

assumption (7.69) implies the Blaschke condition, that is, z (1-]2z4 |) < .
n=l

Let f denote the Blaschke product having the zeros {z,}, counting multiplicities.

We may assume that f (0) # 0 since each function z 1— 2™, where m is a positive

integer, belongs to M, for all o > 0. Hence we have
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|Zn| Zn —Z

f(z) = (7.70)

nl zn l1-z,2z

for |z| < 1. Inequality (2.37) shows that

1-| z, |2
f'(z)| < .
| £'(2)| § TRt

Let|{|=1. Lemma 7.23 yields

1
—r)o-l

H |f(rele)||1_C o do dr

0 -
gi (1-|z, ) H (il_r)a_l_ ___ dodr

= 2 % 11=7Z,re’ 2 [1=-Cre® |
- D
<Y (-2, ) ——=—— —
n=l |1_an | (1_|Zn |)
SERSEAES
<2 —
Zl [u—f;zn |]
Hence (7.69) yields
_ )(X -1
sup ” | f (re19)| do dr < o. (7.71)
Igl=1 C o
For |{| =1 and |z| < 1, let g(z) = f(z) - ﬁ By Theorem 6.5 it
W/ o

suffices to show that g 0 f, and there is a constant A such that ||g||F < A for

|¢| = 1. Since g(0) = f (0) is independent of {, Theorem 2.8 shows that we need
only prove g'0 f,:; and ||g||F 1 < B for |{| = 1, where B is a constant.

Since 0 < a <1 and %S 1 for |{| = 1, the assumption (7.69) implies
-Cz,

that
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~ | Zy |
sup < .
Igl=1 HZ‘ -z |

Hence Theorem 7.18 yields f 0 M;. By Theorem 6.6, f 0 M,,;. Thus there is a
positive constant C such that

1

f(z) ——— <C
H ST I
for || = 1. The inequality (7.71) and Theorem 2.12 yield f'(z) ﬁo Fari
—(Cz o
and
2 ——=— <E
H (1- CZ)“
for a positive constant E independent of {.
1
Since g(z) =f (z) —————,
(1-C2)*

- 1 1
! = f - = f, - = .
9@ = of 1) e 1@

The arguments above show that g’ 0 f,.; and

<aC+E

for|(|=1.

As noted in the proof of Theorem 7.19, we may assume that f (0) # 0 because
each monomial belongs to M,. The inverse problem of factoring out the zeros of
a multiplier is considered in Chapter 8.

Let S(z) = exp [— %} for |z| < 1. Then S is an inner function and
z

Theorem 7.18 yields S ('M,. Theorem 6.6 yields S ( M, for a < 1. We complete
the information about membership of S in M, in the next theorem, by showing
that S 0 M, for &> 1. We first prove a simple lemma.
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Lemma7.24 1f0<t<1,s0 |and|s| <1, then

2
[1-s]

1
— <
1-ts
Proof: We may assume that 0 <t < 1. The function s |— { where

¢ = ll;ts maps D onto the open disk centered at 1/(1+t) and having radius
—ts

1/(1+t). It follows that if |s| < 1, then || <2/(1+t) <2.

Theorem 7.25 The function S defined by

S(2) = exp [— ”Z} (1 <1)
1-2z
belongs to M, for o> 1.

Proof: Because of Theorem 6.6 we may assume 1 < a <?2. By Theorem 6.5

. 1 .
it suffices to show that S(z) - ?) 0 f, and there is a constant A such that
o

(1-Cz

<A (1.72)

Hs<z) 1
(-2
for all || = 1. Lemma 6.25 shows that it is enough to prove (7.72) for { in a
dense subset of T. In particular, it suffices to prove the result for || = 1 and
C#1. .
Suppose that 1 <a <2. Let {=¢"" where -t < ¢ <mand ¢ # 0, and let
p=1—(1/5)|1=¢ Then1/5<p<1. We have

S(z) - (1_éz)a _ (f%z))a _ (1_S;%l)a +f(2)+9(z)  (1.73)
where
f(2) = [8(2) - S(f;)]{ L ] (7.74)
(1-To*  (-pCo)e
and
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S(z)

0 = et

(7.75)

Since [S(Q)] = 1, Lemma 7.13 implies that the first two functions on the right-
hand side of (7.73) belong to £, and have norms equal to 1. Hence it suffices to
show that f 0 £, g O f,, and there are positive constants B and C depending only
on a such that

| <B (7.76)
and
lo . <C (7.77)
for|{|=1and {# 1.
Let K denote the closed line segment from pzz to Ez. Then
S N S | g S
[1-Coe  (-pCo)e| [} (-w)e
=l R e
Thus Lemma 7.24 yields
a+l
| l - 1_ | <a(l-p) 2_— . (7.78)
[1-Cne  (1-pgn)e| [1-Cz [
A second application of Lemma 7.24 gives
o
| o1 B ”_2 . (7.79)
(—Z=  a=plo| " [1-Cale

For-n<0<mand 0<r<1,let F(r,0) = | f (re")|(1-r)* % and let

- “ F(r,0)do dr.
0 -7
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We will show that there is a positive constant B, independent of { with I < B,
Theorem 2.12 will then yield (7.76).

Note that
I:II +12+I3 (780)
where
p
I, =j j F(r,0)d6 dr (7.81)
0 -m
1
I, = j IF(r,e)de dr (7.82)
p [0-¢l<l-p
and
1
I, = j I F(r,0)d0 dr. (7.83)
p 1-p<glO-@l<n

In the remainder of this argument, we shall use the notation B;, B, etc. to
denote positive constants. These are absolute constants or depend only on a,
where 1 <a <2. Since [S(z)| <1 and |S({)| < 1, (7.81), (7.74) and (7.78) give

en — o+l
I sj I 2022 46l (1 rya2 40 dr,
0 |1—C_,I’€le |(x+1

-

Hence (2.26) implies
P
I, < B (1-p) J‘(l—r)*z dr < B,. (7.84)
0
Suppose that z=re"’, p<r<1 and |[0—¢| < 1-p. If |w| <1 and w # 1 then

~2S(w)
(1-w)?

S'(w) =
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and thus

S'(w)| < . 7.85

SIS (785)
Let L denote the closed line segment from { to z. Then

S(z) - S(C) = J' S'(w) dw
L
and (7.85) gives
|S(z) — S(w)| £ 2|z-C| max (7.86)

wel |1—W|2 ’

We claim that (1-{)/(1-z) is bounded for || = 1, { # 1 and z in the sector P,
where

= {re’: 0<r<1,[0-g<1-p}.
To show this we may assume ¢ > 0. Then ¢ — (1-p) = ¢ — 2/5 (1-cos ¢) > 0.

Also, since ¢ <, ¢ + (1—p) < 21 — [p—(1—p)]. Therefore e® ") is the point in
Y nearest to 1. Hence if z 0 ¥, then

-¢” [1-¢ |2 _1-coso
l1-z| ~ 2-2cos[o—(1-p)] 1-cosh

where A = ¢ — 2/5 (1—cos ¢). Since

1-
m 1Zc0s0

=0 1—cosA
exists and equals 1, the function

1-cos@

|—
¢ 1—cosA

is bounded for 0 < @ <m. This verifies our claim, and thus
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1 B,
max < .
web [1=w [~ [1-¢]?
Using this in (7.86) we obtain
reid —
8 - 5(0) < 25 L= (787

for p<r<1and |0-¢| <p.
The inequalities (7.87) and (7.79) imply

1 .
2B 0 _ o
1, sj plre” =6 142 — (1-n"2de dr
p 16

B

4B, (1+2%) | T I
o |1-1e

: do |(1-r) %2 dr.
|1_C|2 19 |0L—1

p

Hence Lemma 2.17, part (a), gives

B, [F 1
3 _rya-2
LS J jea_l d6 |(1=r)*-2 dr.
0

p

Calculation of these integrals yields

<_Bs3 l-p _ B3
C1-C12 Q-a)a-1)  5Q2-a)o-1)

I,

and thus
I, <B4 (7.88)
for|{|=1and {# 1.

We estimate I; using (7.79) and Lemma 2.17, part (a), as follows.
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1
o
I; < I 2 % (1-r)e-2 do dr
p 1-p<|6—ol<n |1—CI‘€‘ |0L
1 T 1
=4(1+2a)j j 48| (-2 dr
* 12 |1_rele |(x
™

1
< Bs j ﬁ 0 | (1=r)e-2 dr.
p \Il-p

By evaluating these integrals, we find that
I; <Bg (7.89)

where B = Bs /(a—1)~.

The relation (7.80) implies that I < B,, where B is the sum of the constants
given in (7.84), (7.88) and (7.89). Theorem 2.12 yields f 0 f, and
I fllg, < (a—1)Bgy/2m Thus (7.76) holds with B = (a—-1)B,, / 2m.

Next we prove (7.77). In this argument we use C;, C, etc. to denote positive

constants. These are absolute constants or depend only on o, where o> 1. For
0<r<1and-—n<0<m, let G(r,0) = |g(re)|(1-r)* * and let

J:

o —_—

J' G(r,0) do dr. (7.90)

Leto=1-"1-{. Since |(|=1, it follows that 0 <o <p < 1. We have

5
J= ZJH (7.91)
n=1
where
(e}
5= j G(r,0) do dr, (7.92)
0 l6<l-r
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and

We proceed to estimate the integrals J,.

Fractional Cauchy Transforms

(e}

I, = j I G(r,0) do dr, (7.93)
0 1-r<|0<n
P

Jy = j G(r,0) do dr, (7.94)
5 10-0/<31-¢
1

Js = j G(r,0) do dr, (7.95)
p 0-¢|<31-g]
1

Js = j G(r,0) do dr. (7.96)

o 31-¢l<0-pl<n

In the first argument, the constant C, is

the constant B in Lemma 2.17, part (b). Also we use the change of variable

x = 1(Cy(1-1)).

IA

e i0
j j 'S(i—e;'(l—r)oc—2 do dr
—_ 1 o
0 |9|Sl—r|l pCre® |
o 172
T P [1-rei® |2
j - = (1-r)e-2d0 dr
—_ 1 o
0 |o<l-r [1-pCre® |
_ 1-12 |
o  eXpl——
Ci(1-r)?
J' S d (1=r)*-2 d6 dr
(I-r)«
0 [B<I-r
2J L { -1 }dr
) 1= Ci(-1)
1/(Ci(-0))
2
1/C1 1/CI

© 2006 by Taylor & Francis Group, LLC



Multipliers: Further Results 177

Thus J; < C,, where C, is the second integral in the previous line.
Suppose that z=re”, 0 <r <o and 1-r<|0| <. Sincer <o, we have

%|1—c| =l-c<l-r<|C-z|=|1-Cz|
and hence
|z—1] < |z=¢| +[{-1] < 3|1-Lz].

Thus Lemma 7.24 gives

1 2a 6@
_ <= < ,
[1-pCz|*  [1-Cz|* [z-1][

An application of Lemma 2.17, part (a), yields

L & (7.97)
[1-pCz|*  |B]*
. -z | .
Since |S(z)| =exp | — TR ,Lemma 2.17, part (c), implies
-z
1—
1S(2)| <exp {— %} . (7.98)

Inequalities (7.97) and (7.98) yield
J, <Cs j Jo(r) (I=1)*-2 dr
0

where

t Cs(1-1)] 1
Jo(r) = |exp [——}—ade.
1-[ 02 0
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The change of variables x = (C, (1-1))""%/0 shows that
Coe |

J -x2 ya-2
Jo(r) £ SR J‘ e~x* x -2 dx.
0

Since a. > 1, the integral in the previous expression is finite. Hence
S 1
I, £Cy I (1-r)(@-3)/2 dr < C5 J‘ (1-1)@3/2 dr.

The last integral is finite since o> 1.
Suppose that z=re”, 6 <r < p and |0—¢| < 3|1-{|. We have
[1=¢* = 4 sin” (¢/2) > 4¢*/n” and hence |0] < |0—0| + @] < (3 + n/2) [1-{|. Thus

|1—z]* = (1-1)* + 4r sin® (0/2) < (1-0)* + 0* < Cg |1-(* .

1-|z|? —(1-1)
S = - < — .
1S(2) | exp[ |1_Z|2} e"p[c8|1_g|2]

— —r)o-2
o [_ C (11 " z} 1(1 v

- —_ 1 03

|6—0|<3[1-¢| g [1=C[* | [1-pCre® |

"t (1-1)
;[ {_j = prele @ de} exp {— —Cs |1—C|2} (1-r)o-2 dr.

The inequality (2.26) yields

P
J3 < Cg '[ Lexp —& dr
S 1t Cs|1-CJ?

The change of variables x = (1-1)/Cg|1-{|* shows that

This implies that

Therefore

J; <

QqQ O

IN
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Since |S(re")| < 1 we have

1 .
1, =J. j M (1-r1)*-2 d0 dr
gl pCrei® |o
p 16—-¢l<3|1
1 m 1
SI I 40| (-r)e2dr.
© [1-preid |
Hence (2.26) gives
! 1 a-2
J4 < Cyo J. &
(1-pr)e-!
p
1

Finally suppose that z=re"’, 6 <r < 1 and 3|1-(| < [0—¢| < 7. Since
[1-¢* > 4¢*/n* we have

s T
lol <= 11=Cl<—10-0].

Hence |0] < [6—0| + || < (1 +7/6) |6—0|. Also,
101 > 00| — o] = 3 —m/2) [I-C[>[1-{ = 2(1-0) = L.

Hence Lemma 2.17, part (c), applies, and this yields

1= __ (=0
IS(Z)|SQXP[ Ciy ez}gexp{ Ci (9“")2]

This inequality and Lemma 2.17, part (a), give
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I

— 1—r)a-2

Jssj J' exp{—cler Z}C( ;) — 6 dr
o -C<0gi<n 12(0-9) 1310-0]

|

2
= 2 [ 150y -1y dr,
C13~([ s(r)(1-r) r

where

f I-r | 1
Js(r) = I exp[— 2]—mde

The change of variable x = (1-1)/(C,, 6%) shows that

o0

C
14 J' e x(@3/2 g

Jst) £ —————
5 (l_r)(a—l)/Z )

This integral is finite since o> 1. Therefore
1
J5 < Cis I (1-1)@32 dr
1
< Cis I (1=r)@3/2 dr,
0

The last integral is finite, since a. > 1.

The inequalities obtained above for J, (n=1, 2, 3, 4, 5) and (7.91) yield
J<Cyforall |C|=1,{# 1, where C, is a constant depending only on o for o> 1.
Theorem 2.12 implies that g 0 f, and || g ||r, < C for || =1 and C # 1, where
C is a constant independent of C.

Theorems 7.18 and 7.19 can be used to give explicit examples of functions in

M, which are analytic in 5\{1} but fail to be continuous at 1. This is done by
constructing a sequence {z,} in D obeying (7.61) or (7.62) if 0 < a < 1, which

has z = 1 as its only accumulation point. The function S(z) = exp [— 1+Z}

belongs to M, for a > 1 and is not continuous in D.
Next we consider the question of whether M, # Mz when a # B.
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Proposition 7.26 1f 0 <a <1 and a < B, then M, # M;.
Proof: Firstassume that 0 <a<pf<1. Forn=2"(k=1,2,...) let

a, =n""'/ (log n)* and let a, = 0 for all other n. Let f (z) = Zan z" (7 < 1).
n=0
Then an"ﬁ |a, | < o. Theorem 7.7 implies that f 0 Mp. Since a, # O (n*"), it
n=1

follows that f [ f,. By Theorem 6.3, f [ M,.

Next suppose that 0 < a < 1 and B > 1. Choose y with o <y < 1. The
previous argument yields g 0 M, with g (M, Since y <P, Theorem 6.6 implies
that g 0 Mﬁ.

Proposition 7.27 If a.> 1 then M, # M,.
Proof: Let ¢, = _ (n=0,1, ...). Since inf &, =0, Theorem 7.12
log(n +2) n
provides a sequence {a,} (n =0, 1, ...) for which the function f (z) = Z:anzn
n=0

does not belong to M;. Since Z| a, | < o, Theorem 7.15 implies that f 0 M,
n=0

forall a> 1.

The question of whether M, # My when o # B has not been answered in the
case 1 <a<Bp.

Most of our discussion about M, assumed that o > 0. A brief and incomplete
survey of results about M, is given below. References for these results are given
in the Notes.

Theorem 7.28 For each a >0, My 8 M, and My # M,.

Theorem 7.29 If f' CHP for some p > 1 then f 0 M,. There is a function f
such that f' CH! and f [ M,.

Theorem 7.30 If fis analytic in D and
1 n 1
” {bg 1—} | f"(re®)| d6 dr < oo
—-T
0-n
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then f 0 M,.
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Theorem 7.31 Suppose that f 0 H* and for almost all 0 let
f(e®) =1lim f(re). Alsolet
r—1-

D(6, @) = f(ei®+®)) — 2f(ei®) + f(ei(®-9)),

If
T T D
'[ M{logz_n} do do < o
Sl e lol

then f 0 M,.

Theorem 7.32 There is a function f in M, such that f is not continuous in D .

NOTES

The connections between Toeplitz operators and M;, such as that given by
Lemma 1, go back to the work of Vinogradov in 1974 (see Vinogradov [1980]
and Hruséev and Vinogradov [1981]).For an exposition of Toeplitz operators,
see Bottcher and Silbermann [1990], Douglas [1972] and Zhu [1990]. Theorem
3 is due to Luo and MacGregor [1998]. Corollaries 4, 5 and 6 and Theorem 7
were obtained by Hallenbeck, MacGregor and Samotij [1996]. Hallenbeck and
Samotij [1995] proved that if f is analytic in D and continuous in D and f (e")
satisfies a Lipschitz condition of order 1, then f 0 My. The case o=1 of Corollary
6 is due to Vinogradov, Goluzina and Havin [1972]. Theorem 7 was proved
independently by Dansereau [1992]. Vinogradov [1980] proved Theorems 10
and 12. The fact about lacunary series quoted in the proof of Theorem 12 is in
Zygmund [1968; see p. 247]. Theorem 15 is due to Hallenbeck, MacGregor and
Samotij [1996]. Vinogradov [1980] proved that f 0 M; if f’ e H!. Another

argument for this result which relates to functions of bounded mean oscillation
was given by Hibschweiler and MacGregor [1992]. That reference also has a

proof of the result of Theorem 17. Hardy’s inequality, which is quoted in the
proof of Theorem 17, is in Duren [1970; see p. 48]. Theorem 18 was proved by
Hruséev and Vinogradov [1981]. Theorems 19 and 25 are due to Hallenbeck,
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MacGregor and Samotij [1996]. The integral inequality about symmetrically
decreasing rearrangements used in the proof of Lemma 21 is in Hardy,
Littlewood and Polya [1967; see p. 278]. Cases of Propositions 26 and 27 were
shown by Hibschweiler and MacGregor [1992] and by Hibschweiler and
Nordgren [1996]. The facts about M, quoted in Theorems 28 through 32 were
proved by Hallenbeck and Samotij [1993, 1995, 1996b], except for Theorem 31,
which is in Hallenbeck [1998].
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CHAPTER 8

Composition

Preamble. We study compositions f ° ¢ where 10 f, and ¢ is
an analytic self-map of D. The main interest is to determine
those functions ¢ for which f° ¢ belongs to f, for every fin
fo. For such ¢, the closed graph theorem implies that the map
C, defined by C, (/) =f° ¢ is a continuous linear operator on
fo. In this case, we say that ¢ induces the operator C, on f.

We show that if ¢ is a conformal automorphism of D, then
¢ induces a composition operator on £, for every a > 0. This
fact forms a basis for obtaining other results about
composition.

If o > 1 then every analytic function ¢ : D — D induces a
composition operator on f,. The argument for this depends on
obtaining the extreme points of the closed convex hull of the

set of functions that are subordinate to F(z) = in D,

(1-2)"

where o > 1. An application yields the following geometric
criterion for membership in f, when a > 1 : if fis analytic in D
and f (D) avoids two rays in | then f0 F,, where © o is the
maximum of the angles between the rays. Also we show that
if (D) avoids a ray, then 0 F,.

We find that if C, maps F, into f, for some a > 0, then ¢
induces a composition operator on fg for any > a. Also, if
¢ : D — D is analytic and its Taylor coefficients {b,} obey

Z n|b, |< o, then ¢ induces a composition operator on £,
n=l
for every a > 0. It follows that if the analytic self-map ¢
extends to D and is sufficiently smooth, then C, maps £, into
itself for all > 0.

This chapter also contains results about the factorization of
a function in £, in terms of its zeros. It is shown that if
fOFf, 0a>0andf(z)=0where|z |<1(k=1,2,...,n), then
fis the product of the monomials (z—z) (k=1, 2, ..., n)

185
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186 Fractional Cauchy Transforms

with a function g, where g 0 Ff,. This factorization is
equivalent to f= B-h, where B is the finite Blaschke product
with zeros z (k =1,2, ...,n) and h 0 f,. In the case a = 1,
such a factorization is obtained when f has infinitely many
zeros, where B is the infinite Blaschke product with those
zeros and h 0 f;. The results about £, yield corollaries about
factorization of functions in M,,.

A function ¢ : D — D is called a conformal automorphism of D provided that
¢ is analytic in D and ¢ maps D one-to-one onto D. Conformal automorphisms
of D are characterized by the form

z
9(z) = ¢ "

— (2] < 1) (8.1)
where |c| =1 and |b| < 1.

Theorem 8.1 Let o.> 0 and let ¢ be a conformal automorphism of D. Then

foo 0F, foreveryfOFf,.
Proof: Leta>0and let 0 f,. Then

0= [ @@ ey 82)

(-

where p 0 M. Relation (8.1) implies that

- 1 1
= (1-bz)* — — —d . (83
/(o(2) = (1-b2) i T e G O 6
The mapping { 1— ;_ is bounded on T and thus ;_ du(g)
(1+cbl)* (1+cbg)*
cC+b

defines a measure L0 M. The function F defined by F({) = I+ obt for || =1 is
+c

a homeomorphism of T onto T. Thus (8.3) implies that
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f(9(2) = (1-bz)* j dA(s)

- sz)

for a measure A O M. This shows that fe@ = g-h where g is analytic in D and
h0f, Since g 0 M,, it follows that fo @ O f,.

Corollary 8.2 Let o> 0 and let f O M,. If ¢ is a conformal automorphism of D,
then fo@ OM,.

Proof: Let o > 0 and let ¢ be given by (8.1). Then ¢ ' is a conformal
automorphism of D and Theorem 8.1 implies that go ¢ ' 0 f, for every g 0 f,.
Since 10 M,, it follows that / - (g ¢@') 0 f, By Theorem 8.1,

(fop) g0f,foreveryg0Ff, [l

Theorem 8.3 Let o> 0 and suppose that fO f,. If |z <1 and f(z) = 0 for
k=12, ...,nthen

f(2) = ( J g(2) (2 <1 (8.4)

k=11—-2Z

where g 0 f,. .
Proof: First suppose that n = 1. Suppose that o > 0, £ 0 f, and f(z;) = 0 for
some z; 0 D. For|z| <1 and z # z,, let

g(@2)=/(2)> f‘_zl

-7,z

The function g has a removable singularity at z, and thus g is analytic in D.
Since (8.4) is clear, we need only show that g 0 f,.

For |7| < 1, let h(z) f[ Ak
1+7

J. By Theorem 8.1, 270 f,. Let
7,z

h(z) = an z" (] z| <1). Then by = 0 and there exists p 0 M such that
n=0

by = A, (@ [ £ du(© (8.5)
T
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()

forn=1,2,.... Letj(z) = for 0 <|z| < 1. Then extends analytically to 0

and thus j is analytic in D. We claim thatj 0 f,. Let j(z) ZZCH z" for |z| < 1.
n=0
To prove the claim, we require v 0 M such that

¢ = An(@) [ T do(© (3.6)
T

forn=0,1, .... Since c,=b,; forn=0,1, ... and since
Ay(o) = a(o+1) -+ (atn—1) > n!

the relations (8.5) and (8.6) show that the condition on v is
~n a—1 =n
[T avo) - (1 + —] [T w© 8.7)
. n+1 .

forn=0,1,.... Let m(z) = Zdn z" (|z| < 1) where d,, = ‘[ £ du(). Let
n=0

A 0 M be defined by dA() = E du(€). Then d, = J‘ E“ diM() forn=0,1, ....

Let n(z) = Y e, z" (17| < 1) where e, =
n=0

Since H*> 8 H' § £, there exists 6 0 M with e, =

™ du(C). Then n 0 H>

n+

£ do(f) forn=0,1, ....

) —)

Let v be defined bydv(§) = dA(C) +do(€). Then v0 M and (8.7) holds.

Therefore j 0 f,.
The argument above shows that

f (1”? ) —zjz)  (Z<D).
+Z1Z

zZ+z
Letw=——
+7,z

for |z| < 1. Then
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flw) = 222 j[w‘“]

1-zw 1-z,w

for [w| < 1. By Theorem 8.1 the function w |— j [ d :Zl j belongs to £, that
-Z,w
is, g 0 f,. This completes the proof in the case n = 1. The general result follows

by n applications of the case n = 1.

Corollary 8.4 Let o> 0 and suppose that 0 f,. If |z, | <1 and f () = 0 for
k=1,2,...,nthen

ﬂ@={§grmm}mm (2 < 1) (58)

and 4 0 F,.
Proof: The assumptions imply (8.4) where g 0 f,. Since the function

n
z|— TI1 —
k=l 1-7y z

is analytic in 5, it belongs to M, for every o > 0. Thus the

function

M@={ﬁ 1 }am (1< 1)

=1 1-Zy z
belongs to f,, and (8.8) holds.

Corollary 8.5 Suppose that f O M, for some 0.> 0. If|z <1 and f(z) =0
fork=12,...,n, then

f@) = 22| ) (7 < 1)
k=11-7,z

where g O M,
Proof: For|z|<1letB(z)= II Z__Zk and let g(z) = f'(z) 3> B(z) for z # z
Z Wz
(k=1,2, ..., n). Then g extends to each z, and g is analytic in D. It remains to
show that g O M,.
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Let # 0 f,. Then g-h:%. Since f 0 M,, f-h 0 f,. Also

(f-h)(z)=0 fork=1,2,...,n. By Theorem 8.3, % 0 f,. Thus

g-h 0Ff, forevery 40 f,

Corollary 8.6 Suppose that f 0 M, and o.> 0. If |z| <1 and f'(z,) = 0 for
k=1,2,...,nthen

/@) = {knl <z—zk>} Wz (d<D) (8.9)
and h O M,.
Proof: This corollary is a consequence of Corollary 8.5 because the product
z|— 11 1
k=l 1-Zy z

belongs to M, for every o > 0.

The next theorem gives a factorization result for /0 f; when f has infinitely
many zeros. In the case a # 1, such factorizations are unknown. If a > 1, it is
not clear what form such a factorization could take. This is due to the fact that
for such o, there are functions f'# 0 with 0 f, such that the zeros of f do not
satisfy the Blaschke condition (see Theorem 5.6).

Theorem 8.7 Suppose that {0 1, fhas a zero of order m at 0, and the zeros of
fin {z: 0 <|z| < 1} are given by {z} (k =1, 2, ...), listed by multiplicity. For
|z| <1 let

B(Z) " IO—OI |Zk | Zy —Z
k=1 Zk I—EkZ

(8.10)

Thenf= B-g where g0 f,.
Proof: Recall that £; 8 H” for 0 <p < 1. It follows that the infinite product in
(8.10) converges for |z| < 1. Let
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_ 1
f@)= l g, O (21 < 1) (8.11)
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where p 0 M. Suppose that |b| < 1. If|z| <1 and z # b then (8.11) yields

f(2) 1 1
— - [— — du(©)
(z—-b)/(1-bz) l(l—CZ) (C—b)/(1-bC) e
I [b]? . (8.12)
~ e dio MO
T
Assume that f(b) = 0 and let
1 1
= = —d 1). 8.13
20(2) ll_gz oo MO @<y (8.13)
Then gy is analytic in D and (8.12) yields
f@) =22 gy (8.14)
1-bz 8o .

for all z with |z| <1 and z # b. The relation (8.14) is clearly valid for z=b, and

=1 for || =1, (8.13) implies that

thus it holds for all z 0 D. Since IQ

20(z2) = J. 1_ dv() for somev 0 M with ||v]|=||y|. Thus gy 0 f; and
T 1-Cz
g lls <11/l - (8.15)
Forn=1,2, ... let
B, =z 1 26l 222y
k=1 z, 1l-2z,z

Applying the previous argument (m + n) times we conclude that
f=B,-g,,whereg,0f and || g, [[g <[ f|lg. Letg=s/B. Since B, - Bas

n—oand || g, [lr <I| /g forn=1.2, ..., Lemma 7.10 implies that

g :f/B 0 Fl.
The proof of the next corollary is identical to the proof of Corollary 8.5.
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Corollary 8.8 Suppose that f 0 My, f has a zero of order m at zero, and the
zeros of fin {z: 0<|z| <1} are given by {z} (k= 1,2,...), listed by multiplicity.
Let B be defined by (8.10). Then f= B-g where g 0 M,.

In order to show that each analytic function ¢ : D — D induces a composition
operator on f, when o > 1, we develop certain results about extreme points. Let
X be a linear topological space. If f 5 X and 0 £, we call f an extreme point of
f provided that f cannot be written as a proper convex combination of two
distinct elements in f. Let Ef denote the set of extreme points of F. Also let HF
denote the closed convex hull of f.

Recall that P denotes the set of functions f'that are analytic in D such that
Re f(z) >0 for |z] <1 and f(0) = 1. Clearly P is convex.

Lemma 8.9 The set of extreme points of P is

{f:f(Z) _rez g =1} (8.16)

1- Ez ’
Proof: By Theorem 1.1, functions f0 P are characterized by the formula

B 1+Ez
f(Z)—i 2, WO < (8.17)

where pu 0 M*. Corollary 1.6 asserts that the map p |— f from M* to P given by
(8.17) is one-to-one. Thus 0 E P if and only if f corresponds to an extreme
point of M*. The set of extreme points of M* consists of the point masses.
Therefore E P is given by (8.16).

1

(1-2)*

In the remainder of this chapter, F, denotes the function F,(z) =
(Iz| < 1) where a > 0.

Lemma 8.10  Suppose that o. > 0, B > 0, f is subordinate to F, and g is
subordinate to Fg. Then f - g is subordinate to Fop.

Proof: A function f'is subordinate to F, if and only if f'is analytic in D,
f(z)#0for |z <1, Re [f(z)"*]> % for |z] < 1 and f(0) = 1. Hence the

lemma follows if we show that the inequalities Re [wll/a] > Y and
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Re [wzl/ﬁ] > Y imply Re [(w,w,)"*P 1> 14 Lets, =w,"" s, =w,"? and

t= . Then [w,w, ] **® = s!sI"' Hence it suffices to show that if

a+f
Res; >, Res,>"%and 0<t<1,then Re[ss5']> 1.
Let s, =re® and s, = r,¢'% where [0, < /2, |0, <7/2, 1, >0 and 1, > 0.
Then r; cos 0; > % and r, cos 6, > %. Hence

cos[tB;, + (1-1)0,]

Re [stsh =1 12" cos[th, +(1-1)0,]> .
bt st =nf rt oo, d 2(cos0,)" (cosf,)""

Thus it suffices to show that cos[t0; + (1-t)0,] > (cos 0,)' (cos 0,)'". This
inequality follows from the fact that the function g defined by g(0) = log (cos 0)
for |0] < m/2 is concave downward.

Suppose that the function F is analytic in D, and let £ denote the set of
functions that are subordinate to F in D. Schwarz’s lemma implies that if /0 f

and 0 <r < 1, then 1|n‘ax | f(z)] < 1|n‘ax | F(z)|. Hence f is locally bounded.
z|<r z|<r

The family of functions satisfying Schwarz’s lemma is closed in H and hence f
is closed in H. These properties of £ imply that HF is compact. Moreover,
EHF 6 f by the Krein-Milman theorem.

Theorem 8.11 Let G, denote the set of functions that are subordinate to Fy in D.
If o> 1, then HG, consists of those functions f given by

1
f@=[——du)  @<D (8.18)
T (1-Cz)
where pu 0 M*,

Proof: First suppose that o = 1. For each { with |{| = 1, the function

f@= 1

and a = 1, belongs to HG;. Next note that if f0 EHG,, then f'is analytic in D, Re
f(z)>"%and f(0)=1. Theorem 1.1 implies that /" is of the form (8.18) with n0
M.

In the case a >1, it suffices to show that all functions in HG, are given by
(8.18), where p 0 M*. Suppose that 0 EHG,. Then /0 G, and hence /= g* where
2 0G,. We claim that g 0 EG,. To the contrary, suppose that
g=tg, + (1-t)g; where 2,0 G, 2,0 G, g1 #gand 0 <t < 1. Then

belongs to G;. Thus each function given by (8.18), where p 0 M*
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T -tg, g

f=gg" =g -g°
By Lemma 8.10 this yields f=t f; + (1-t) > where f; 0 G, and f; 0 G,. Since
g1 # g and g # 0 it follows that £; # 5. Thus f [ EG, and hence f [ EHG,. This
contradiction verifies the claim.

1
Lemma 8.9 implies that EG, = {g:g(z) =—-,|C|= 1}. Hence

-0z
functions in EHG, have the form f (z) = % where |{| = 1. Thus the
(1-Cz)
Krein-Milman theorem implies that each function in HG, is given by (8.18)
where p0 M*,

Theorem 8.12 If ¢ : D — D is analytic and o > 1, then ¢ induces a

composition operator on f.
Proof: We must show that if o« > 1 and f0 f,, then g = fo@O f,. There

exists p 0 M such that (1.1) holds, and thus

f0=[———awm© <D (8.19)
1 [1-Co(2)]"

The Jordan decomposition theorem implies that we may assume that p 0 M*.
First suppose that @(0) =0. Let G, be defined as in Theorem 8.11. Since

p 0 M* the integral in (8.19) is a limit of convex combinations of functions in G,

and hence g 0 HG,. Hence Theorem 8.11 yields g(z) = I dov({) for

_
1 (1-C2)°
|z| <1, where vO M*. This proves the theorem in the case ¢(0) = 0.

b
For the general case, let b = ¢(0)and let A(z) = z +_ (lzl < 1). By
1+ bz
-b
Theorem 8.1, /040 F, for every £ 0 Fo Let o(z) = 22 "2 for g < 1.
1 -bo(2)

Then w: D — D is analytic and ®(0) = 0. The previous argument yields
fohowOF, forevery f0 f,. Since hom = ¢, the proofis complete.

In the case 0 < a < 1, not every analytic function ¢ : D — D induces a
composition operator on f,. To see this, note that the function f'(z) = z belongs
to F, for all o with a> 0. It follows that if C, maps F, into f,, then
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Co(f)=0¢0F, Let o(z) = ¢ z% z? (|z| < 1), where € > 0 is chosen so that
n

n=l

€ Zl/ n? < 1. Then ¢ is analytic in D and @(D) < D. However, as shown
n=1

onp.34, ¢ [F,when0<o<1.
If ¢ induces a composition operator on £, then the operator norm of C, is

denoted ||C,, ||, and is defined by

1Co (N lE,

1Co lla = su
(WA

f#0

An examination of the arguments yielding Theorem 8.12 shows that for o > 1

. . A
and for any analytic function ¢ : D — D, [|C, ||, £ ————— where the

(1=19(0) h*
positive constant A depends only on a.
Theorem 8.12 yields a simple geometric condition sufficient to imply
membership in f, when a > 1. The argument uses the following lemma.

Lemma 8.13 Let N be a positive integer. Suppose that |G| = 1 and a, >0 for
n=12,...,Nand(, # {, for n #m. Suppose that the function g is analytic in a
neighborhood of D. Let

N
/(@) =g(z)/ =)™ (<D

and let o= max{o,: | <n<N}. ThenfOFf,.

Proof:  We give the proof in the case N = 2. The argument is similar for
other values of N.

Suppose that || = || =1, {# o, B> 0 and y > 0. Suppose that g is analytic in
a neighborhood of D and let

_ g(z)
f(2)= m (Jz] < D).

We shall show that /0 f, where o = max {p, y}.
The function z |— g(z)/ (z—o)" is analytic at {, and hence
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0

20 _ S @-o"

(Z - G) ! m=0

for z in some neighborhood of . Let p be the least integer such that p > B and
let s = p—B. Then

p-1 a
=)y — o -0)° h 8.20
/@) ;(Z_C)B_m +(2=0)° h(2) (8.20)

where the function / is analytic in some neighborhood of {. Suppose that f is
not an integer. Then forz0 D\ {{} withz#,

% (-0 h@)]= @-0° K@) + 20" h).

Since (z—()° is bounded in D\ {C} this implies that there is a constant A such
that

d . s
‘E [(Z—C) h(Z)] <Alz-¢ : (8.21)

forz0 D, z near ¢, z # C. Likewise if vy is not an integer, q is the least integer
such that q >y and t = q—y, then

g-1 b
f@)=) —"— +(z-0)' k(2) (8.22)

= (z—o)"™"

where k is an analytic function in some neighborhood of ¢ and by,
(m=0, 1, ..., q—1) are suitable constants. We have

‘diz [(z—c)t k(z)] <B|z-c|"" (8.23)

forz 0 5, z near ¢, and z # 6, where B is a positive constant.
Forz0 D\{C, o} let
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-1 -1
p q b

() = f(2) - Yy —m -y m (8.24)

SE-ofm Ha-o™

Because of (8.20), (8.21) and (8.24) there is a constant C such that
Ir(@)|<Clz-¢f (8.25)

forz 0 B, znear { and z # {. Likewise (8.22), (8.23) and (8.24) imply that
It'(z)| <D |z—o|"" (8.26)

forz 0 5, z near ¢ and z # o, where D is a constant.

The function z |— (z—1)" belongs to H' when |t| = 1 and u > —1. Hence the
inequalities (8.25) and (8.26) and the fact that r’ is analytic in D\ {€, o} imply
that ' 0 H' when B and y are not integers. A similar argument shows that
r' 0 H' when only one of the numbers B and y is not an integer. If both B and y
are integers, then r = 0. Therefore in general r' 0 H'. Since
H' 8 f, and since F; & F,, for o> 1, Theorem 2.8 implies that r 0 £ for every
5> 0.

Equation (8.24) gives
f=hthtr (8.27)
p-1 a q-1 b
where f(z) = Zﬁ and f(z) = Z—m_m The function
m=0 (Z - Q) m=0 (Z - G)Y
zZl— P belongs to fg when 0 <8 < and hence f; 0 f5. Likewise
7 —

/2 0 f,. Theorem 2.10 implies that f; 0 £, and f, 0 f,. Since r 0 £, the relation
(8.27) implies that 0 f,. []

Theorem 8.14 Suppose that - D — | is analytic and let ® = | \f (D).

1) Suppose that ® contains two rays. Let an and Bn denote the angles at «
between these two rays where a.> . If a <2 then f0F,.

2) If ® contains a ray then f0 f,.

Proof: First suppose that ® contains two rays. Let the angles at co between
these two rays be o and fr, where o > . We may assume that the rays do not
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intersect. Let F denote a conformal mapping of D onto the complement of the
rays. The Schwarz-Christoffel formula gives
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(Ww—=C)(W—C,)
(wW=C3)*" (W= )P

F(z):aj w+b  (z<1)
0

where a and b are complex numbers and (;, {, {3 and {; are distinct points on

MD. Thus

_ G(z)
(z-C3) " (z-G,)P

F'(z)

where G(z) = a(z(;) (z{;). Lemma 8.13 implies that F' belongs to fq.;.
Theorem 2.8 yields F O £,.

To complete the proof of the first assertion, let ¢ = F'o /. Then ¢ is
analyticin D and ¢ : D — D. Since a + =2 and B < a, it follows that a > 1.
Since F 0 f,, Theorem 8.12 implies that = Foo 0 f,.

The second assertion can be proved in a similar way. Suppose that @
contains a ray. The conformal mapping of D onto the complement of a ray has

P(z)
(z=0)
yields F 0 £, and hence Theorem 8.12 with o =2 gives f 0 f».

Next we show that if ¢ induces a composition operator on f, and B > a, then

the form F(z) = where P is a quadratic polynomial and |{| = 1. This

2

¢ induces a composition operator on fg. The following two lemmas are used in
the proof.

Lemma 8.15  Suppose that |{] =1, 0 < a <P, ¢ : D > D is analytic and
¢®(0) =0. Let

1

- —t
ST

(Iz[ <1).

Then f-g 0 Fgyy for every g 0 foy and there is a positive constant D
independent of { such that || f - g ||FB+1 <D gll,, forallgO0Fq..

Proof: Fix |{|=1. Let|o| =1 and let

O e CA

EZ) a+l
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Since @(0) =0, f is subordinate to Fz,. Lemma 8.10 implies that 4 is
subordinate to Fp.; for every |6| = 1. By Theorem 8.11, 4 0 Fﬁil and hence

|| A ||,:B ., =1 forall o] = 1. An argument as in the proof of Theorem 6.5 shows

that f-g 0 fy for every g OF,,, and there is a positive constant D
independent of { that || /- g HFB+l <Dl gll,, forallg0 Ffy. and for all

o =1.

Lemma 8.16  Suppose that the function ¢ : D — D is analytic and let o > 0.
The composition C,, is a continuous linear operator on f, if and only if

1
sup{" m R |C|=1}<OO

Proof: This is an easy argument similar to the proof given for Theorem 6.5.

Theorem 8.17  Suppose that the function ¢ : D — D is analytic and 0 < o, < p.
If ¢ induces a composition operator on f, then © induces a composition
operator on fg.

Proof: By Lemma 8.16, the hypotheses imply that there is a positive
constant C such that

| ———
[1-Co(2)]®

R

for all { with |{| = 1. Theorem 2.8 implies that there is a positive constant A
depending only on a such that

" 0'~z(l>’(z)

= <CA
[1-Co(z)]**! )

Frx+l

for || =1.
Assume that ¢(0) =0. An application of Lemma 8.15 yields

" O‘E(PI(Z) |

= DCA
[1-Co(z)]P*! -

FB+1 -
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for || =1 and thus

[EEAC Y YN
[1-Co(z)]P "~ a
for || = 1. Hence Theorem 2.8 shows that _; 0 fg for || = 1. Since
p
[1-Co(2)]

@(0) = 0, Theorem 2.8 gives

| — | <1+ pcas
1-Col '~

for all |{| = 1. Lemma 8.16 completes the proof in the case ¢(0) = 0.
To prove the theorem in general, let b = ¢(0), y(z) = % (Jz]| <1
—bz

and ® = yo@. Suppose that /0 f, and 0 <a <. Theorem 8.1 yields
f oy 0F, By assumption this implies that (foy)o@O0 f,, thatis, fo®0 £, for

every f 0 f,. Since o(0) = 0, the previous case implies that ® induces a
composition operator on fg.

Suppose that g 0 Fg. Since v ! is a conformal automorphism of D, Theorem
8.1 yields # = goqf1 0 fp. It follows that ~o w0 fg. Since how = go¢, the
argument shows that go¢ 0 fg for every g 0 fg.

Theorem 8.18 Suppose that the function ¢ : D — D is analytic,

o(z) = anzn for |z| < 1 and Zn|bn | <oo. Then ¢ induces a
n=0 n=1
composition operator on £, for every a.> 0.
Proof: Suppose that ¢ : D — D is analytic and let o > 0. Assume that /0 F,
and let g = fo@. Theorem 2.8 yields f'0 f,; and hence Theorem 8.12

implies that f'o@0 Fuy. If o(z) = anz“ then the assumption
n=0
Zn |b, | < oo implies that @' satisfies the hypotheses of Theorem 7.15.

n=l
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Therefore @' 0 M,.;. Wehave g’ = (f'o@)¢" where f'o¢ 0 f, and
@' 0 Mgy Thus g’ 0 Fyiy and Theorem 2.8 yields g O £,
Suppose that ¢ : D — D is analytic and ¢'' 0 H'. Let

o(z) = Y b,2" (2 < D).
n=0

Hardy’s inequality asserts that if /0 H' and
f@=Y a,z" (2 < D),

n=0

then

<l

i 2,
~ n+l

Since @'’ 0 H', it follows that Z(n+2) |bn+2| <n ||(p”||Hl < 0. By Theorem
n=0
8.18, ¢ induces a composition operator on f, for every o > 0.

Corollary 8.19  Each finite Blaschke product induces a composition operator
on £, forevery o> 0.

Little is known about which analytic functions ¢ : D — D induce a
composition operator on f, for a given o where 0 < o < 1. In particular, this
problem is unresolved for inner functions. One fact in this direction is that the

function S defined by S(z) =exp {— T—Z} (lz] <1) does not induce a
-z

composition operator on f, when 0 < o < '. As noted previously, the condition
¢ 0 F, is necessary for ¢ to induce a composition operator on f,. In Chapters 2
and 3 we showed that S [ £, for 0 <o <%. In Chapter 9 we consider univalent

maps ¢ : D — D. We show that under certain conditions, such maps induce
composition operators on f, for certain values of o < 1.
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NOTES

Theorem 1 was obtained by Hibschweiler and MacGregor [1989]. Corollary
2 appears in Hibschweiler and MacGregor [1992]. That reference also includes
the result that the family f, is closed under composition with conformal
automorphisms of D. Hallenbeck and Samotij [1993] proved the analogous
result for My. Corollaries 4 and 6 appear in Hibschweiler and Nordgren [1996;
see p. 643]. Theorem 7 and several other results about divisibility and £, are in
Vinogradov, Goluzina and Havin [1970]. Holland [1973] characterized EP with
an argument which does not depend on the Riesz-Herglotz formula. Because of
the Krein-Milman theorem, Holland’s result implies the Riesz-Herglotz formula.
Theorem 11 was proved for o > 1 by Brannan, Clunie and Kirwan [1973]. The
case @ = 1 of Theorem 12 was shown by Bourdon and Cima [1988].
Hibschweiler and MacGregor [1989] proved Theorem 12 for o > 1. Bourdon
and Cima proved the case of Theorem 14 where o = 3. The general result is due
to Hibschweiler and MacGregor [2004]. The Schwarz-Christoffel formula is in
Goluzin [1969; see p. 77]. Hibschweiler [1998] proved Theorem 17. Additional
results about composition operators on f; are in Cima and Matheson [1998]. A
survey of results about composition operators on other spaces of analytic
functions is given by Cowen and MacCluer [1995] and by J.H. Shapiro [1993].

© 2006 by Taylor & Francis Group, LLC



CHAPTER 9

Univalent Functions

Preamble.  The significance of univalent functions in the
study of the families f, was demonstrated in previous
chapters, for example, in the introduction of suitable
conformal mappings and especially in the context of
subordination. Now we obtain further relations between
univalent functions and the families f,. The emphasis is on
determining the values of o for which a univalent function or a
class of univalent functions belongs to .

The initial research about univalent functions and integral
representations involving measures concerned questions about
the extreme points and the convex hulls of various families.
The measures which occur in such considerations are
probability measures. Two results of this type are given in
Theorem 9.1, which concerns starlike and convex mappings.

It is shown that each function which is analytic and
univalent in D belongs to £, for o > 2. Also, various univalent
functions belong to f,. In particular, this occurs when the
maximum modulus of such a function is somewhat restricted.
We give examples of analytic univalent functions which do
not belong to f,. It is an open problem to describe the linear
span of the set of analytic univalent functions.

Additional facts are given about membership of a univalent
function fin £, in terms of the maximum modulus of f. Also
it is shown that if f is analytic and univalent in D and if

sup |f(z)| <1, then f induces a composition operator on £,
|z<1

for all o> By, where B is a specific positive number.

Let U denote the set of functions that are analytic and univalent in D and let §
denote the subset of U consisting of functions f normalized by the conditions
f(0)=0and f'(0) = 1. LetS* denote the class of functions f 0 § for which

f (D) is starlike with respect to the origin. Also let K denote the subset of § for
which f (D) is convex. The families §, $* and K are compact subsets of H. These
families have been studied extensively.

203
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204 Fractional Cauchy Transforms

The family $* is characterized as the set of functions f analytic in D such that
f(0)=0, f'(0) =1 and

Re {%} > 0. (12| < 1). 9.1)

Let p(z) = zf '(z)/ f(z) for 0 <|z|] <1 and let p(0) = 1. Since f(z) # 0 for
0 <|z| <1, it follows that p is analytic in {z: 0 <|z| <1}. The normalizations on
f imply that p is analytic at 0. Therefore, f 0 $* if and only ifp 0 2.

The family K is characterized as the set of functions f analytic in D such that
f(0)=0, f'(0) = 1and

z ' (2)
Re { @) + 1} >0 (2 < 1). (9.2)

Since f'(z) # 0 for |z] < 1 and f'(0) = 1, condition (9.2) is equivalent to the
condition p 0 2, where p(z) = [z f"(z)/ f'(z)] +1 for |z] < 1.

Theorem 9.1 The closed convex hull of $* consists of functions given by

(@=] =7 (<D 93)

T —

where p 0 M*. The closed convex hull of K consists of functions given by

f@=] =% wo (21 < 1) ©:4)

-0z
T

where p 0 M*.
Proof: Suppose that f 0 $*. Let p(z) = zf '(z)/ f(2) for 0 <|z| <1 and let

p(0)=1. Then p 0 Pand hence Theorem 1.1 implies that

P = [ 2 ) (4< 1) ©3)

T — 0z
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where VO M*. If we let g(z) =f (z) / z for 0 <|z| < 1 and let g(0) = 1, then g is
analytic in D and g(z) # 0 for |z| < 1. Hence log g is a well defined analytic
function where log 1 =0, and

#®'(z) 1
d f ~1
= iog gf- 12— 2D =L
Hence (9.5) and the condition p(0) = 1 yield
Mgmmzj PW) =1 4
0 \%%
=j-i jl+§wdwg—jdwg<m
o VT 1-Cw T
- j I 25 4o} dw
o |T 1-Cw
- j I 25 dw! du(o)
1% 1 -Cw
=j—m%a—&mmg
T
Therefore
f(2) =z exp {J’ “2 log (1 - Tz) dU(C)} (2] < 1). (9.6)
T

Since v 0 M*, v is the weak* limit of finite convex combinations of point
masses on T. Thus (9.6) implies that f is the limit of functions h having the
form

h(z) = 2z [T——

S 9.7
(1= Gz 7
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n
where || =1, vj 2 0, z v;j =1andn=1,2,.... Since each function
i=1
1 . =
z |- ——— belongs to F,, and Z v; =1, Lemma 2.6 implies that
(1 - ¢;2)% J =

each function h in (9.7) has the form zk(z) and k 0 F;. Therefore f also has

this form. This proves that (9.3) holds for each f 0 $*, where p 0 M*.

Let V denote the set of functions defined by (9.3) where p varies in  M*,
Since V is a closed convex set, the previous argument implies that HS* 8 V. The
definition of V shows that V is the closed convex hull of the set of functions

zl— ;_2 where C varies on T. Each such function belongs to $* because
(-39

it maps D one-to-one onto the complement of the ray

{w=t§:t§—%}.

Therefore V 8 HS*. This proves that HS* = V, which is the first assertion in this
theorem.
The characterizations of $* and K described earlier in (9.1) and (9.2) imply

that f 0 Kif and only if g 0 $* where g (z) = zf '(z). This mapping f I— ¢ from
K into §* is a linear homeomorphism, and f is obtained from g by

f(2) =J' W G
0 W

Hence this mapping also gives a linear homeomorphism of HK onto HS*. If

1@ =[ —Z5 0 @<
T (I_CZ)

then

f@ =] —= ).
T 1

G

Therefore the result about HS* in the first part of the theorem yields the assertion
about HK.
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Arguments similar to ones given in previous chapters (such as in the proof of
Theorem 3.10) show that each function given by (9.3) where pu 0 M belongs to f».
Therefore $* 8 £,. Also, if f(0)=0and fO0 f, then f can be represented by
(9.3) with u 0 M. We also note that (9.4) implies that £ 5 f;.

The next theorem depends on the following lemma, which is called Prawitz’s
inequality.

Lemma 9.2 Suppose that the function f is analytic and univalent in D and
f(0)=0. Let M(r) :1‘nlax| f(z)| forO<r<1. If 0 <p <o then

1 f N [ MP(s)
2nj|ﬂm)|d6£p£—?—ds (9.8)

forO<r<1.

Theorem 9.3 Suppose that f is analytic and univalent in D. For 0 <r <1 let
N(r) = (1-r) M(r). If N is Lebesgue integrable on (0, 1) then f 0 f,.
Proof: Suppose that f is analytic in D and M and N are as defined above. For

T
0<r<1let P@)= J-M(p) dp. Since M(r) > 0 the integrability of N is
0

equivalent to the integrability of P. This is a consequence of the relation

T

[a=mMep) dp = 1-1) P@) + [Pp)dp
0 0

and the fact that if P is integrable then 1ir{1 (1-1)P(r)=0.
r—l-
To prove the theorem we may assume that f (0) = 0. For |z| <1 let

z

m@:ijMM. (9.9)

0

By Theorem 2.8, f =g’ 0 £, ifand only if g 0 f;. Thus it suffices to prove that
gOH".

© 2006 by Taylor & Francis Group, LLC



208 Fractional Cauchy Transforms

1
We have g(z) = z j f(tz) dt. Since f is univalent in D, Lemma 9.2 applies
0
where p=1. Hence

T | g(re')|do < j j | f(tre'®)| dO dt
bt o

tr

< j{zn j MO 4o dt
0
1

S
0

<2n | Q) dt
l

t
where Q(t) = J.w ds for0<t<1. Since PO L'((0, 1)) and M(0) =0,
S
0
QO L'((0, 1)). Therefore

n 1
J'|g(rei9)| 0 < 2x j Q1) dt < oo
k4 )

for 0 <r < 1. This shows thatg 0 H'.

If f0 U then |f(z) <|f(O) +|f'(0) ﬁ for |z| < 1 and hence
-z

M(r) < for some A > 0. Theorem 9.3 shows that if the function f is

(1-r1)?

univalent and the growth of M is somewhat restricted then f 0 f,.
As already noted, the family S* of starlike functions is a subset of f,. We

give further examples of families of univalent functions with this property. Let
v be a real number with |y| < n/2. A function f is called y-spirallike if f is

analyticin D, f(0)=0, f'(0)=1 and Re {e_iy %}> 0 for |z| < 1. The
Z

case Y = 0 defines the class S*. Each y-spirallike function is univalent in D.
The ranges of such mappings are characterized as follows: if w # 0 and
w 0 f (D) then the logarithmic spiral { = w exp [-e "t], —0 <t < oo, lies in f (D).
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The function

f(z) = (Iz] <1) (9.10)

(1-2)°

where ¢ = 2e" cos y is y-spirallike as is easy to verify. If g is y-spirallike then

9@ ()
z

is subordinate to ——. This implies that if 0 <r < 1, then
Z

max |g(2)| < IﬁaX| f(2)|

1 . 1
=T max exp {2 coszylog =zl —2cosysmyarg(—1 j}
—z -z

|z]=r

<exp (n/2) (l—r)B

where B =2 cos®y. In particular, if y # 0, g satisfies

Illzllgfclg(Z)l < 0

(9.11)

where A > 0 and B <2. Theorem 9.3 implies that g 0 £,. This also holds when y
= 0 because of Theorem 9.1. Thus every spirallike function belongs to f».

A second example is the family of close-to-convex mappings, which is
denoted €. A function f belongs to C provided that f is analytic in
D, f(0) =0, f'(0) =1 and there is a function g 0 K and a complex number b

such that

Re {b %} >0 (12 < 1). (9.12)

Each function in C is univalent in D. The ranges of functions f 0 C are
characterized as follows: |\ f (D) is a union of closed rays which do not intersect
except perhaps at the finite endpoints of the rays. Hence Theorem 8.14, part 2
implies that f0 F,.

Next we give examples of analytic univalent functions which do not belong
to F,. The argument depends on the following lemma. The proof for this lemma
is the same as the proof of Theorem 6.10.
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Lemma 9.4  Suppose that f 0 £, for some o> 0 and let g(z) = (1-2)* f (z) for
|z| < 1. Then the curve w =g(r), 0 <r < 1, is rectifiable.

Theorem 9.5  There exist functions that are analytic and univalent in D and do
not belong to f,.
Proof: Let y be a differentiable real-valued function on (—oo, o) such that

v’ is bounded, (y)*> 0 L' ((—0, ®)) and lim y(u) = . For example, we
u—0

may let y(u) = uP for u > 1, where 0 < B < ', and define w(u) for u <1
suitably to obey the various conditions. Let

Q:{w:u+iV:\|1(u)<V<\V(u)+7t,—oo<u<oo}.

Let wy 0 Q and let h denote the unique function that is analytic in Q, maps Q
one-to-one onto {s: |Im s| <m/2} and satisfies h(wy) = 0, with

lim Re h(w) = -

W—>—0

and

lim Re h(w) = .
W*)S

. 1+
The function z |— s where s(z) = log 0 z maps D one-to-one onto

{s: |Im s| < m/2}, and the function w |— { where {(w) = exp(2w) is univalent in
Q. Let f denote the function z |— { defined as the composition of z |— s,
s I— wand w |— (. Then f is analytic and univalent in D.

Let a=Re wy. For w 0 Q with Re w > a, let b = Re w. By construction there
is a constant M > 0 such that | y'(u) | < M for —oo <u < oo. It follows that

b
Re {h(w) — h(w,)} < j{l + (\u'(u))z}du +121 (1 + M), (9.13)

This inequality appears in Evgrafov [1966; see p. 140]. Since (\|1’)2 is
integrable on (—o0, o) this yields
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Reh(w)<Rew+ A (9.14)
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for w 0 Q with Re w > Re wy, where A is a positive constant. If|z| <1 and z is
sufficiently near 1 then the corresponding numbers w satisfy Re w > Re wy, and
hence (9.14) yields

2
1+z
1-2z

| f(z)| =exp(2Rew) >exp(2Res — 2A) = exp(—2A)

Therefore there is a positive constant B and a real number r, such that 0 <r, < 1
and

HOIE (9.15)

(1-1)?

forry<r<1I1.

The image of [rp, 1) under the mapping z |— w is connected and
lim y(u) = «o. Hence there is a positive integer m and an increasing sequence
u—>o0

{r.} (n=1,2,...) such thatr; >15, limr, =1 and
n—o

n

Im w = (m +

2_1) n (9.16)

for n = 1,2,..., where w, denotes the number corresponding to r, under the
mapping z |— w. We have arg f (r,) = 2m 7 + (n—1) 7 and thus f (r,) > 0 when n
is odd and f (r,) < 0 when n is even.

For |z] < 1let g(z) = (1 —2)* f (z). Then g (r,) >0 when n is odd and g (r,) <0
when n is even. Also (9.15) gives |g (r,)| > B for all n. Since B > 0 this shows
that the curve w = g (r), 0 < r < 1, is not rectifiable. Lemma 9.4 with o = 2
yields f (F,. O

The examples given to prove Theorem 9.5 and those given by (9.10) map D
onto the complement of spirals. The spirals for the function in the theorem tend
to oo turning at a rate significantly slower than the spirals associated with (9.10).

The problem of characterizing the analytic univalent functions which belong
to f, is unresolved. The theorem below gives some information about the
measures that represent such functions. A reference for this result is given in the
Notes.

Theorem 9.6  Suppose that the function f is univalent in D and
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o= g wo @<

T —

where u 0 M. Then there is at most one atomic point for u and the continuous
component of u is absolutely continuous.

The next theorem complements Theorem 9.3. It shows that further
restrictions on the maximum modulus yield additional information about
membership in the families f,.

Theorem 9.7 Let By =), — !4,,. Suppose that the function f is analytic and
univalentin D and

A

B

(Iz] <1) 9.17)

where A is a positive constant and 0 < <2. If > B, then f 0 £, for every
a>f.

Proof: Suppose that By < p < 2 and the function f is analytic and univalent in
D and satisfies (9.17). This implies that there is a positive constant B such that

B
a-rP

JTE ‘ f’(reie)‘ o < (9.18)

for 0 <r<1. A reference for this result is in the Notes. Hence if a > [ then
1 n 1
” ‘ f'(rele)‘ (-0 do dr < B I(l—r)“‘*B dr < .
0-m o

Theorem 2.14 implies f 0 £,.

When B = 2 the condition (9.17) is not a restriction on f. Hence every
analytic univalent function f belongs to £, for o > 2. This can be proven
without using (9.18), as follows. The relation (2.20) gives a one-to-one mapping
f1— g of f, onto £ when o> 1. Since

A

f(2)| s ———
| |<1—|z|>2

(2] <1)
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it follows that g 0 H' and hence g 0 £, when o> 2. Thus f 0 £, for all a > 2.
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Theorem 9.7 is not valid for small values of B. If f (z) = Zan z" (2 < 1)
n=0
and f 0 f,, then a, = O (n®"), as was shown in Chapter 2. However, there are
bounded univalent functions f for which a, # O(n **?).
Next we show that Theorem 9.7 is sharp.

Theorem 9.8  For each real number B such that 0 < <2, there is a function f
which is analytic and univalent in D, satisfies (9.17) and f & £g.
Proof: Suppose that 0 <p <2 and let y = (2p — p*)"2. Theny>0. Let

1

f(z) = ——
(Z) (1 _ Z)ﬁ-ﬂy

(zZI<1). (9.19)

exp(y %)

Then f is analytic in D. Since | f (z)| < 5
a-1zD

, (9.17) holds. The function

z |— w where w = log maps D one-to-one onto a domain contained in

1-z
the strip {w: |Im w| < % }, and the function w |— { where = ($ + iy)w maps
this strip one-to-one onto the strip

2 2
o= C:u+iV:|V—lu|<£u.
p 2 B

Each line parallel to the imaginary axis meets @ in a line segment with length

2 2
+ . . . . .
T B—Y’ which equals 2n. Hence the exponential function is univalent in

®. Since

f(2) = exp [(ﬁ +i7) log liz},

we conclude that f is univalent in D.

For |z| < 1 let g(z) = (1-z)* f (z). Then g(z) = q !

—Z

T Each closed

interval in r contained in [0,1) and corresponding to an interval of length 2a/y in
log 1/(1-r) is mapped onto T by g. Thus g maps [0,1) onto T, covered infinitely
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often. Hence the curve w =g (r), 0 <r < 1, is not rectifiable. Lemma 9.4 shows
that f & £p.

Lemma 9.9  Let B, = %5 — J,,. Suppose that the function f is analytic,
univalent and bounded in D. If a >, then f 0 f, and there is a positive
constant A depending only on o such that

[l <ALl 920)

Proof: Suppose that f is analytic, univalent and bounded in D. There is a
positive constant B which does not depend on f such that

H f(re®)| d0 < B 1], (1+ 9.21)

r)ﬁo

for 0 <r<1. A reference for this fact is given in the Notes. If o> [, this yields
1 n 1
j I ‘ f ’(rele)‘ (-1 d0 dr <B| f],,. j(l—r)‘“*ﬁo dr < oo,
0-n 0

Thus Theorem 2.14 implies that f 0 £, when a > By. Moreover, Theorem 2.14
and (9.21) yield (9.20) where A depends only on a.

Theorem 9.10 Let By = )4 — Y%, |If the function ¢ is analytic and
univalent in D and |g],,. <1, then ¢ induces a composition operator on f, for

o> Bo.
Proof: Suppose that the function ¢ satisfies the hypotheses of the theorem.
Because of Theorem 8.9 (or Theorem 8.12), we may assume that 3, < o < 1.

The function z |— ;_ is univalent in D for || = 1 and 0 < a < 2. Since @

1-Co)°

is univalent, the function z |— is univalent in D for each { with

[1-Co(2)]”
€= 1. Since [|o],. <1,
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1 1
| =l < oo
[1-Co()" (=T olli-)

for |{|=1. Lemma 9.9 yields

| ———
[1-Co(2)]*

A
N TPATRE Y
© (=llellu-)*

for || = 1. Hence the set of functions

1
|- —— =1
% [kmmam'}

is a norm-bounded subset of f,. Lemma 8.16 implies that go 0 f, for every

go0Ff,.
When o > % Lemma 9.9 holds more generally for functions f in the Dirichlet

space D;. Recall that f 0 D, provided that f is analytic in D and Z:n|an|2 < o0
n=l
where f (z) = Z:anzn (Iz| < 1). If fis analytic, univalent and bounded in D,
n=0
then f O D, because the area of f (D) is finite. To prove the more general result,
assume that Zn |an|2 <o and f(z) = Zanz“ (lz1 <1). Let

n=l n=0

gw=iA

an n
V4
n=0 n (%)

(2 <1).

The asymptotic estimate (2.9) yields g 0 H>. Since H* < H' < f1, g 0 f,. The
remarks after (1.18) show that f 0 F% . By Theorem 2.10, f 0 £, for every

o>,
The conclusion of Theorem 9.10 is not valid for small a. As noted in the
remarks after Theorem 9.7, there are bounded univalent functions f which do not

belong to f, for a <.17. Let M > || f ||H°° and let @(z) =f (z)/M. Then ¢ is
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univalent and |||, <1, but ¢ does not induce a composition operator on f,

fora <.17.
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It would be interesting to complement Theorem 9.10 with geometric and
analytic conditions on a univalent function ¢: D — D which imply that ¢ induces

a composition operator on f, when H [0) Hm =land0<a<l.

NOTES

Theorem 1 was proved by Brickman, MacGregor and Wilken [1971]. Facts
about extreme points and convex hulls of families of functions in the context of
geometric function theory are contained in Duren [1983; see Chapter 9],
Hallenbeck and MacGregor [1984], and Schober [1975]. A proof of the Prawitz
inequality is in Duren [1983; see p. 61]. Theorems 3 and 5 are in MacGregor
[1987]. For facts about spirallike and close-to-convex mappings see Duren
[1983; Chapter 2]. The initial argument for Theorem 5 depended on the
construction of a suitable functional. A simplification of that argument was
obtained by Hibschweiler and MacGregor [1990], and is given in the text.
Theorem 6 was proved by Bass [1990]. Theorems 7 and 8 are in Hibschweiler
and MacGregor [1990]. The result expressed by (9.18) was proved by
Baernstein [1986]. The inequality (9.21) for a bounded univalent function is in
Pommerenke [1975; see p. 131]. Theorem 10 was proved by Hibschweiler
[1998] for o > - using the argument related to the Dirichlet space given in the
text.
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CHAPTER 10

A Characterization of Cauchy Transforms

Preamble. The family £, was defined as the set of functions

represented by formula (1.1) for |z] < 1. The formula (1.1) is

well defined for z 0 |\ T and it defines an analytic function on
i \ T. If we define f (c0) = 0 then f extends analytically to
“\T.

The main development in this chapter yields a
characterization of the functions analytic in [*\ T which can
be represented by such a Cauchy transform. The integral
means of | f| on circles interior to T and exterior to T form one
component of the characterization. A second component deals
with the integrability of an associated function which is
defined on T as a limit of the combined behavior of f inside
and outside T. The argument begins by obtaining certain
properties of subharmonic functions, and continues with the
construction of a specific subharmonic function in .

We consider the set of functions defined on |\ T by

(@ =] —= (10.1)
T

Cz

where p 0 M. We shall show that this set of functions is in one-to-one
correspondence with the set of measures M.

The formula (10.1) implies that the function f is analytic in [\ T. If |z <1,
then

1
fl/z)=z [ ——= du(©).
z Z-! P n

This implies that if we define f (4) = 0, then f is extended analytically to the
point at infinity.

Theorem 10.1  The mapping p |— f given by (10.1) is one-to-one from M to
the set of functions that are analytic in [*\ T and vanish at infinity.

217
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Proof: Suppose that (10.1) holds where p 0 M and let f (0) = 0. Also
suppose that

1

- Gz

9(2) =J' 1 dv(0) (z0 [\ T) (10.2)

T

where v 0 M, and let g(o0) = 0. Let f; denote the restriction of f to D and let f,
denote the restriction of fto [\ D. Let 0, and g, be defined in the analogous
way for the function g.

Assume that f=g. Then f; =g; and f, =@,. Since the Taylor coefficients
of f; and g, are equal,

[ a0 = [ " av© (10.3)
T T
forn=0,1,.... If|z| > 1, then
1
b =] ;=g O

du(©)

Il
= —

1
-Gz (1-1/(C2))

I
Mo i T

Likewise,

n=I

HOEDY [— - do(@}% (2> 1),
T VA

Since f, =g, and since the Laurent expansion is unique, we conclude that
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[cran© = [ ¢" @
T T
forn=1,2,.... When combined with (10.3), this yields

[T an = [ T av) (10.4)
T T

for all integers n. If A = p — v then Theorem 1.2 implies that A = 0. Hence p=v

and the mapping is one-to-one.
Letp>0andlet D' = {z0 [*:|z/>1}. Then H? (D') is defined as the set

of functions f that are analytic in D’ and satisfy sup M, (1, f) < oo where
r>1

17 i0
Mp(r,f):EJ' fe®)P do (> 1).

Facts about H”(D") generally follow from the corresponding facts about H”

through the change of variables z |I— 1/z. For example, this can be used to
prove that if f 0 H? (D’) and

H f HHp(D') = Sup Mp (r’ f)
r>1
then lim M, (r, f) = || f ||go(py . For simplicity we write || f ||, instead of
r—1+
Il ) - We continue to use the same notation || f ||, for the norm in H".

The meaning will be clear from the context.
Suppose that fis given by (10.1) for z 0 |\ T, where p0 M. Letf and f,

denote the restrictions of f to D and |\ Srespectively. We shall derive a
number of properties of f; and f,. These results will be summarized in Theorem
10.2.

Theorem 3.3 implies that f; 0 H® for 0 < p < 1. An examination of the
argument for Theorem 3.3 shows that

1 ¢ 1
MP (r,f)<A|fllp — | ——— do
D)< ATl 5 [
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for 0 <r<1and 0 <p <1, where A is a positive constant which does not
depend on p. Since | 1-1¢” |>B |0 |for-n<0<mand 0<r<1, where Bisa
constant, we obtain

M (r, f}) <

A”f”Flj'T‘ | - Allf e
2n BP 0[P B? 7P (1-p)

-7

There is a constant C > 0 such that 1/(1-p)'? < C/(1-p) for 0 < p < 1. Therefore
there is a constant D such that

D 1/p
i1l < T (Rl

for 0 <p < 1. It follows that

Jim [ yll, (1=p) <=, (10.5)
For|z|<1andz#0 let g(z) =f, (1/z), and let g(0) = 0. Then

9 = -7 [ = du).

4 1-Cz
Hence there is a measure v 0 M with || v || =] 1 || and
1
90 =2 [ —— du(@).
T

Thus g is of the form z-h, where h 0 £, and it follows that g 0 H” for 0 <p < 1.
This yields f, 0 HP(D') for 0 < p < 1. The argument given previously for f;
applies to g and yields

lim | f,]l, (1-p) < . (10.6)
p—l-

The limit
lim [f (re®) -, (1ei9)] (10.7)
r—1- T
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exists for almost all 6 0 [-w,t]. We denote this limit by F(0). We shall show
that F is Lebesgue integrable on [-n,n]. If |{|=1,0<r<1and|z|=1 then

1 1 1-r1? {1 +Erz}
— — — = — = Re = .
1-Crz 1-C(z/t) |[1-Crz) 1-Crz
Hence
.10
™) — (o) = [Re {%} du(©).
T T 1 -

Cre

To show that F 0 L' ([-x, ©]) we may assume that p 0 M*. Then

f(re) - f, (l e?) = ReG(re'®) (10.8)
T
where
1+ Ew
Gw) = [ == du(©) (wl<). (10.9)
T 1-Cw

Letu=Re G. The assumption p 0 M* implies that u(w) >0 for |w |< 1. Alsou
is harmonic in D, and hence

U(0) = lim u(re™)
r—l-

exists for almost all 6 0 [-r, ©]. We claim that U is Lebesgue integrable. To
prove this, let {r,} be a sequence with 0 <r,<1forn=1,2,... andr, — | as

n — . For each n we define the function U, by Uy(0) = u(r,e”), —-n <0 < .
Then U, is positive, continuous (and hence measurable), and U,(8) — U(0) as

n — oo for almost all 0 in [-%, ]. Fatou’s lemma and the mean-value theorem
yield

T T T
j U0)dd < lim I U, (6)d6 = lim I u(r,e®)do =21 u(0).
n—oo n—o
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Since U(B) > 0 almost everywhere, this inequality shows that U is Lebesgue
integrable on [—m, n]. Therefore F 0 L' ([—r, ©t]). This completes the proof of
the next theorem.

Theorem 10.2  Let f be defined by (10.1) for z0 |\ T where 1 0 M, and let
f(0)=0. Letf, and f, denote the restrictions of f toDand to D', respectively.
Then the following assertions hold.

(a) f isanalyticin [*\T.

(b) f,0HPand f,0H? (D") for0<p<I.

(©) lim || f,]l, (1=p) <o and lim || , ], (1-p) <.
p—1- p—>1-

(d)  The function F(0) defined by F(0) = lim [f, (re"®) — f, (1ei9)] exists
r—l— r
for almost all 8 in [-r, 7] and F 0 L'([-r, nt]).

Theorem 10.2 provides one direction of the characterization of the functions
given by (10.1) for 0 |\ T. The remainder of this chapter is devoted to proving
the converse of Theorem 10.2, thus completing the characterization. The
argument will show that the limit superior in the expressions in (c) can be
replaced by the limit inferior.

Several lemmas are needed to complete the characterization. The first four
lemmas deal with subharmonic functions. Lemma 10.3 and Lemma 10.4 can be
found in Rado [1937; see p. 11 and p. 13].

Lemma 10.3 Suppose that u: ® — | is a subharmonic function in the
domain @ and let A be a domain with closure A = ®. Then there is a
sequence {u,} (n =1, 2, ...) of real-valued functions defined on A with the
following properties.

(a) u,issubharmonicin A.

(b) All second order derivatives of u, exist and are continuous on A.

(c) u,isnonincreasingon A .

(d vu,—uon A.

Lemma 10.4 Let ® be a domain, and suppose that all second order derivatives
of the function u: ® — | exist and are continuous on ®. Then u is subharmonic
in @ if and only if Au >0 in @, where A denotes the laplacian.

In the proof of the next lemma, we use a formula for the laplacian of the
composition of a function with an analytic function. We briefly outline an
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argument for obtaining that formula. Let Q and ® be domains in F. Suppose
that F: Q — ® and G: ® — |and let H = Go F. Assume that all second order
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partial derivatives of F and G exist on Q and ®, respectively. By composite
differentiation AH, the laplacian of H, can be expressed in terms of the partial

derivatives of F and G up to order 2. For (x, y) 0 Q let F(x, y) = (u, v) and
suppose that u + iv is an analytic function of z = x + iy. Then the Cauchy-
Riemann equations, Au = 0 and Av = 0 yield a simplification of the general

formula for AH. If in addition we use

2 2 2 2
SECRTSEERE
ox oy 0x oy

we obtain the result

2 2
AH:(ﬁ ? ;0 ?J|f’(z)|2.
ou v

Thus AH = (AG) | f'(z)|* .

Lemma 10.5 Let Q and ® be domains in |. Suppose that f : Q — @ is analytic
and u: @ — |is subharmonic. Then the composition of uo f is subharmonic on

Q.

Proof: Let v = uof. Since f is continuous on Q and u is upper
semicontinuous on @, v is upper semicontinuous on Q. Hence it suffices to
prove the mean value inequality for v. If f is constant, then v is constant and the
mean value property holds. Thus we may assume f is not a constant function.

Let zy 0 Q. Suppose that r > 0 and {z: | z—z, | < r} & Q. Choose
r'withr < r’ and {z:|z—2z| < r'} 8 Q, and let

A=T ({z:|z-2z¢|<1"}).

Then A is adomain and A & Q. Hence there is a sequence {u,} of

subharmonic functions on A obeying the conclusions of Lemma 10.3. Lemma
10.4 implies that Au, > 0in A. Let vy(z) = (u,of)(z)forn=1,2, ... and

for |z—zo | < 1". Then Av,= (Auy,)| f'(z)|?in {z:|z—2z( | < t'}. Since
Au, > 0in A this shows that A v, > 0 in {z:[z—z¢|<71'}. Lemma 10.4

implies that v, is subharmonic in {z:|z—z¢ | <r'). In particular, this yields
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T
V. (zy) < Zi j v.(zy + re®)do (10.10)
T

forn=1,2, ....
By Lemma 10.3, u, — u on A. Therefore v,= uyof — uof =v on A.
Also {v,} is nonincreasing and thus the monotone convergence theorem yields

T T
.[ v, (z +reie)d6 - .[ v(zg +rei9) do.

—T -7

Taking the limit on both sides of (10.10) yields
17 .
V(zo) € — j V(2 +1e19)d6.
2n _n

Next we define a function uy: | - | for each p>0. Lemma 10.6 will imply
that u, is subharmonic for certain values of p. The functions u, will play a
critical role in the proof of the converse to Theorem 10.2.

Letp>0. We define u,(0)=0. Ifz#0,x=Re z and

y=1Imz, let

u,(2) =z cos(pp) (10.11)
where

¢ = arctan (K}]J (10.12)

and —n/2 < @ <m/2. _
Suppose that z # 0 and Re z > 0 and let z = | z |, where —1/2 < 6 < /2.
Then (10.12) gives @ = 6. Hence

u,(z) =Re () (10.13)
forz#0,Re z>0and —n/2 <arg z < /2.

Next suppose that Re z < 0 and Im z > 0, and let z = |z[e® where
n/2 <0 < 7n. Then @ =7n— 0 and hence
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(2)" = (|2 TP = |z]P e 7M.
Therefore
Re [(-2)"]=z[" cos(pp).
This shows that
u,(2) = Re[(-2)"] (10.14)

for z with Re z< 0 and Im z > 0. In the case Re z< 0 and Im z< 0, let z=| z |e"
where —t <0 <-m/2. Then ¢ =—n — 0, and (10.14) follows. Thus (10.14) holds
when Re z < 0 and —n/2 < arg(—z) < /2.

The definition of u, implies that u, is continuous on |. If Re z> 0 and z # 0,
then @ =0 and

lim u,(z) = lim[|z|p cos(p(p)} =|z|cosp =|z| cosO = Re z.
p—1 p—1

If Re z <0, then

lim up(z) =|z| cos @ =|z| (—cos0) = —Re z.
p—!
Hence for all z 0 |,
lim u,(z) =|Re z|. (10.15)
p—1

Lemma 10.6 Letp >0 and let u, be the function defined by (10.11) and (10.12)
where —1/2 < @ <m/2. If 0 <p <2, then u, is subharmonic in |.

Proof: Since u, is continuous on |, it suffices to prove the mean value
inequality at each point in |.

Equation (10.13) shows that u, is the real part of an analytic function in
{z: Re z> 0}. Hence u, is harmonic in {z: Re z > 0}, and u, satisfies the mean
value equality at each point zy where Re zy > 0. The same conclusion holds if
Re 7z, < 0 because (10.14) implies that u, is harmonic in {z: Re z < 0}.

It remains to prove the mean value inequality at points on the imaginary axis.
Let zy =iy where y 0 |. First consider the case y =0, and let r > 0. Then
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17 : A
- j u,(re) do = — {2 j rP cos (p6) do
2n 2n Y

- 2

p
=27 Gn (pr/2).
p

The assumption 0 < p <2 implies that sin (pn/2) > 0. Therefore
u (0) =0 <L j u, (re'®)do
p = on . p :

Next consider the case z, =iy where y 0 |and y#0. Let
Q=\{wo w=<0}

and define the function v by v(z) = Re [2"] where z 0 Q and —& < arg z < 7.
Then v is harmonic in Q. We claim that

v(z) < u,(2) (10.16)

forz 0 Q. If Re z > 0 and z # 0, then equality holds in (10.16) because of
(10.13). Suppose that Re z < 0 and Im z > 0 and let z = se" where s > 0 and
n/2 <0 < m. Hence

u,(2) — v(z) = s” cos [p(n—0)] — s’ cos (pb)
=2 sPsin [p(0—n/2)] sin [pr/2].

Since 0 <p <2 and n/2 < 0 < m, the previous expression is nonnegative. Thus
(10.16) holds. Finally suppose Re z< 0 and Im z < 0. Then z = se¢" where s > 0
and —t <0 <-w/2. Since 0 <p <2 this yields sin[p (6 + 7/2)] <0. Hence

u,(z) - v(z) = s” cos [p(-n—0)] — s’ cos (pb)
= —2 sPsin [p(0+m/2)] sin [pr/2] = 0.

This completes the proof of (10.16).
Since v is harmonic in Q and y is real with y #0,
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Y
viiy) = 2L j viiy + re®) do (10.17)
T

for 0 <r<|y|. Fory#0, we have u, (iy) = v(iy). Hence (10.17) and (10.16)
yield

. 1 r o
up(ly)SE_J. u,(ly + re™) do

forO<r<|y|.

Lemma 10.7 Suppose thatf 0 H” for 0 <p <1land lim [|| f ||, (I-p)] < .

p—1-

Let U(®) = Re [lim f(re'®)]. Then U is defined almost everywhere in [, 7t].
r—1-

If U is Lebesgue integrable on [-=, «], then there is a real measure u 0 M such
that

f(2) =j 2” du(©) +iIm f(0) (10.18)

—Z
T

for|z|<1.

Proof: Since f 0 HP for some p > 0, it follows that U is defined for almost all
0 in [-m, ©]. The assumption U 0 L'([-n, ©t]) implies that g 0 f,, where g is
defined for | z | < 1 by

1 7 e 4z
= — - u(o) do. 10.19
9@ = | S U®) (10.19)

—Z

-

Hence Theorem 3.3 yields g 0 H® for 0 < p < 1. The function u = Re ¢ is the
Poisson integral of the Lebesgue integrable function U. Therefore

lim u(re ie) exists and equals U(0) for almost all 0, that is,
r—l-

Re [lim g(reie )} = Re [lim f(reie )}
r—l- r—l-
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for almost all 6. Hence by considering the function f — g it follows that in order

to prove (10.18) we may assume that lim Re f (reie) = 0 for almost all 0.
r—1-

Let u, be the function defined by (10.12) and (10.13). Since 0 < p < 1,

Lemma 10.6 and Lemma 10.5 imply that v, = u,, o f is subharmonic in D. Let

F(0) = liI}l f(reie) for almost all 8 in [-r,m]. Since u, is continuous on |,
r—l-
V,(0) = liIP v (reie) exists and equals u,(F(0)) for almost all 6, and hence V,,
r—l-

is measurable. Equation (10.11) shows that | uy(w) | <|w |’ for all w 0 | Also
uy(w) >0 for 0 <p<1. Thus

0<Vy0)<|F®) "
for almost all 6. By hypothesis f 0 H”, and it follows that F 0 L ([-&, «t]).

Therefore V, 0 L' ([, n]).
We shall show that

IV, (0) = v, () ||, — 0 (10.20)

asr — 1—. As mentioned above, the assumptions on u, and f imply that
vp(re) — V,(0) — 0 (10.21)

asr — 1— for almost all 0. Also

j |vp(reie)—vp(9)|desj |vp(rei9)|de+j |V, (6)] do

—T -7 —T

sj | f(re®®))” de+j IF@) P do

—T —T

gzj IF©)|" do < w.

—T

Because of (10.21) the Lebesgue convergence theorem yields (10.20).
ForO<r<Tland|z|<1let
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i0

1 i e +z i0
Sp(z,r):z_j Re Lie }Vp(re )do. (10.22)

—Z

Then S, (-,r) is harmonic in D, and since v, is continuous on {z: | z | =},

S, (1) extends continuously to D with S, (zr) =v, (1z) for | z| = 1. Since v,
is subharmonic the maximum principle yields

v, (1z) < S, (z,1) (10.23)

for|z|<1and 0 <r<1. The continuity of v, and (10.23) imply that
vp (z) < lim S, (z.1). (10.24)
r—l—

Since

—Z

1 T
+ZIR{ }V(e)de

it follows that

0<S,(z T)—%J. Re {e Tz }(vp(reie)—\/p(e))de
T

S, (z,1) < ”:Z: 21 j v, (1) = V,(0) dO
) (10.25)
+ L Re {e ”}v () do.
2n J e’ -z

If Re w = 0 then uy(w) = | w P cos (pn/2). Since F(0) = 0 almost everywhere this

implies that V,, () = | F(0) |’ cos (pn/2) almost everywhere. Because of (10.20),
the first integral in (10.25) tends to 0 as r — 1—. Therefore

r—>1- -7

1im S, (2, r)<—j Re {e +1|F(6)|P cos (pr/2) do.
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Hence (10.24) gives

n i0
v, (2) <L j Re {6,9”} |F(0) P cos(pr/2) dO (10.26)
2n < e -z

for|z|<1.
There is a positive constant C such that cos(pn/2) < C(1-p) for 0 <p < 1.
Hence the assumption

lim || 1,1-p) | < =

p—ol-

implies that the set of measures
{ZL | F(0) [P cos(pr/2) dO: 0 < p < 1}
T

is bounded in the total variation norm. In particular, there is a sequence {p,}
with 0 < p, <1 and p, — 1 for which the associated sequence of measures is
bounded. By the Banach—Alaoglu theorem this sequence has a weak™
accumulation measure v on [-w,mt]. Equation (10.15) gives

lim v,(z) =|Re f(z)| for [z] < 1.
p—1-

Hence by taking a weak* limit on a suitable subsequence of {p,}, (10.26) yields

eid +z

} du(0) (10.27)

el —z

|[Re f(z2)] < J‘ Re{

for|z|<1. _
Let 0 <r<1and let z=re". Since v >0, (10.27), Fubini’s theorem and the
mean value theorem for harmonic functions yield
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T TC T[ 19
LJ' |Re f(reiw)|d<psij' j Re | &2 qu@)! do
2m 2nd | e —z

Tl e +z
_ j {Zj Re[eie_z} d(p} dv(0)

-7 -7

Y

[ @@ =vl.

This implies that Re f 0 h'. Therefore there is a real measure 1 0 M such that

Re f(z) = j Re {ﬂ} du(©) (10.28)
T C_ z
for|z|<1.
Let the function f, be defined by
_[ &+z
fo(2) —l 2, du© (10.29)

for|z|<1. Then f, is analytic in D and since p is a real measure,
Re fo(z) =Re f(z) for|z|<1. Hence f =f; + iy for some real number y. Since
fo (0) is real, we have y = Im f (0). This proves (10.18).

We now prove the converse to Theorem 10.2.

Theorem 10.8 Suppose that the function f: [*\T — |is analytic. Let f, and
f, denote the restrictions of ftoDand to [*\ D, respectively. Suppose that the
following conditions hold.

(@) f(o)=0.

(® fOHforo<p<tland lim [|f [, (1-p)]<eo.

p—l-

(¢ HOH (*\ D) foro<p<tland lim [|[f,]}, (1-p)] <eo.

p—l-

(d) The function F defined almost everywhere on [-r,n] by
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4 i 1 e I
F(0) = 11r{1 [fl(re )- 1, (— e H belongsto L' ([-m,x]).
r—1- T
Then there exists w0 M such that

1
f = I .
(2) l =z, O (10.30)

forz0 [\ T.
Proof:  Suppose that f satisfies the assumptions given above. Let the
function g, be defined by

9,(z) = —i [f(z) + f(l/Z)} (10.31)

forz0 [*\ T. Then g, is analytic in [*\ T. The assumptions (b) and (c) imply
that g; 0 H” for 0 <p <1 and

lim ]l g1l (1=p)] < 0.

p—l-
There is a set E 0 [-m, ©] with measure 27 such that
. i . [T
F,(0) = lim f, (re™), F,(0) = lim f, (—e
r—1- r—1- T
and

G,(0) = lim g, (re")

exist for all 0 in E. For almost all 0,

G(8) = —i[F (0) +F,(0)]
and hence Re G4(0) = Im F{(0) — Im F,(0) = Im F(0), where F is defined in (d).
Since F 0 L' ([-n, 7)), it follows that Re G; 0 L' ([-r, ©t]). Lemma 10.7 yields a

real measure v; 0 M such that

C+z

-z

012 = |

T

dvi(©) + i Im gy (0) (10.32)
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for | z| < 1. The relation (10.31) implies that

91(1/2) = =g1(2) (10.33)

forz0 [\ T. Assume thatz0 [*\D. Since (10.32) holds at 1/Z and since v,
is a real measure, (10.33) yields

_ 1
C+-

0@ =-0,1/2) =~ —%du,(©) +img,(0)
T {——
V4

dv(§) +1Img,(0).

g

Thus (10.32) holds forall z 0 |\ T.
The argument will continue with a similar analysis of the function g, defined
by

C+z
-z

92(2) = f(2) - T(1/2) z0 [*\7T). (10.34)

Note that g, is analytic in [*\T, g, 0 H? (0 <p < 1), and

tim (1195 ll, (1-p) | < =

p—l-
The function

G,(6) = lim g,(re®)
r—l1—

exists for almost all 6, and G,(0) = F,(0) — F,(6). It follows as in the previous

argument that Re G,(0) = Re F(0) for almost all 0. Thus assumption (d) yields
Re G,0 L' ([-r, nt]). By Lemma 10.7, there is a real measure v, 0 M such that

9:2) = [ Eiz dv2(€) + i Im g5 (0) (1035)
T
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for | z | < 1. The argument given for g; applies here and shows that (10.35)
holds forz 0 [\ T.
The equations (10.31) and (10.34) give

f(2) = [ 91(2) + 92(2)] (10.36)

1
2
forz0 [*\T. Thus (10.32) and (10.35) yield

f(z) = j % dv(Q) +b (10.37)
T

forz0 |\ T, where v = %(iul + v;) and

1 . 1
b= 5 [-Img;(0) + i Im g,(0)] = 5 f(0).
Equation (10.37) can be written as

1
f = o .
(2) i =g, O (10.38)

where 1 = 2v + X and A is a multiple of Lebesgue measure on T. This proves
(10.30). [

Theorems 10.2 and 10.8 give an intrinsic analytic description of the functions
that can be represented by a Cauchy transform on |\ T. There is no comparable
characterization of £, or more generally, of f, for a > 0. The characterization
of | given in Theorem 2.21 is implicit. The formula (1.1) which defines f, for a
> 0 actually defines a function which is analytic in |\ T when a is a positive
integer. It is an open problem to find results comparable to Theorems 10.2 and
10.8 foraa=2,3, ....

NOTES

The Hardy spaces H” (Q) are defined for various domains Q & . A reference
for the definitions and results is Duren [1970; see Chapter 10]. Theorem 2 is a
result of V.I. Smirnov. The result in Lemma 5, namely, that the
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composition of a subharmonic function with an analytic function is
subharmonic, is a classical fact. The argument given here is in Ransford [1995;
p. 50]. The introduction of the function u, and the proof of Lemma 6 are due to
Pichorides [1972], where other applications of that lemma are given. The proof
given here for Theorem 8 is contained in Aleksandrov [1981; see p. 22-25].
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